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Abstract
This review describes the conformality approach to extending the
standard model of particle phenomenology using an assumption of no
conformal anomaly at high energy. Topics include quiver gauge theory,
the conformality approach to phenomenology, strong-electroweak uni-
fication at 4 TeV, cancellation of quadratic divergences, cancellation
of U(1) anomalies, and a dark matter candidate.
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1 Introduction
The standard model of particle phenomenology is a gauge field
theory based on the gauge group SUC(3)×SUL(2)×UY (1) and
with three families of quarks and leptons. The electroweak sym-
metry SUL(2)×UY (1) is spontaneously broken by a Higgs mech-
anism to the electromagnetic symmetry UEM(1), leaving one
Higgs boson.
This model has successfully explained all experimental data
(with the exception of neutrino masses which can be accommo-
dated by extension). At higher energy than yet explored, the
proliferation of parameters (19 without neutrino mass, 28 with)
strongly suggests new physics beyond the standard model.
In this review we discuss such an extension based on four
dimensional conformal invariance at high energy and inspired
initially by the duality between gauge theory and superstring
theory.
Such conformalitymodel building is a less explored but equally
motivated alternative to other directions of model building such
as extra dimensions or supersymmetry.
1.1 Beyond the standard model
Particle phenomenology is in an especially exciting time, mainly
because of the anticipated data in a new energy regime expected
from the Large Hadron Collider (LHC), to be commissioned at
the CERN Laboratory in 2007. This new data is long overdue.
The Superconducting Supercollider (SSC) could have provided
such data long ago were it not for its political demise in 1993.
Except for the remarkable experimental data concerning neu-
trino masses and mixings which has been obtained since 1998,
particle physics has been data starved for the last thirty years.
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The standard model invented in the ’60s and ’70s has been con-
firmed and reconfirmed. Consequently, theory has ventured into
speculative areas such as string theory, extra dimensions and
supersymmetry. While these ideas are of great interest and the-
oretically consistent there is no direct evidence from experiment
for them. Here we describe a more recent, post 1998, direction
known as conformality. First, to set the stage, we shall discuss
why the conformality approach which is, in our opinion, com-
petitive with the other three approaches, remained unstudied
for the twenty years up to 1998.
A principal motivation underlying model building, beyond
the standard model, over the last thirty years has been the hier-
archy problem which is a special case of naturalness. This idea
stems from Wilson [1] in the late ’60s. The definition of nat-
uralness is that a theory should not contain any unexplained
very large (or very small in the inverse) dimensionless numbers.
The adjustment needed to achieve such naturalness violating
numbers is called fine tuning. The naturalness situation can be
especially acute in gauge field theories because even after fine
tuning at tree level, i.e., the classical lagrangian, the fine tun-
ing may need to be repeated an infinite number of times order
by order in the loop expansion during the renormalization pro-
cess. While such a theory can be internally consistent it violates
naturalness. Thus naturalness is not only an aesthetic criterion
but one which the vast majority of the community feel must
be imposed on any acceptable extension of the standard model;
ironically, one exception is Wilson himself [2].
When the standard model of Glashow [3] was rendered renor-
malizable by appending the Higgs mechanism [4, 5] it was soon
realized that it fell into trouble with naturalness, specifically
through the hierarchy problem. In particular, the scalar pro-
pogator has quadratically divergent radiative corrections whch
imply that a bare Higgs massm2H will be corrected by an amount
Λ2/m2H where Λ is the cut off scale corresponding to new physics.
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Unlike logarithmic divergences, which can be absorbed in the
usual renormalization process, the quadratic divergences cre-
ate an unacceptable fine tuning: for example, if the cut off is
at the conventional grand unification scale Λ ∼ 1016 GeV and
mH ∼ 100 GeV, we are confronted with a preposterous degree
of fine tuning to one part in 1028.
As already noted, this hierarchy problem was stated most
forcefully by Wilson who said, in private discussions, that scalar
fields are forbidden in gauge field theories. Between the late ’60s
and 1974, it was widely recognized that the scalar fields of the
standard model created this serious hierarchy problem but no
one knew what to do about it.
The next big progress to the hierarchy problem came in 1974
with the invention [6] of supersymmetry. This led to the Mini-
mally Supersymmetric Standard Model (MSSM) which elegantly
answeredWilson’s objection since quadratic divergences are can-
celled between bosons and fermions, with only logarithmic diver-
gences surviving. Further it was proved [7,8] that the MSSM and
straightforward generalizations were the unique way to proceed.
Not surprisingly, the MSSM immediately became overwhelm-
ingly popular. It has been estimated [9] that there are 35,000
papers existing on supersymmetry, more than an average of one
thousand papers per year since its inception. This approach
continued to seem ”unique” until 1998. Since the MSSM has
over one hundred free parameters, many possiblities needed to
be investigated and exclusion plots constructed. During this
period, two properties beyond naturalness rendered the MSSM
even more appealing: an improvement in unification properties
and a candidate for cosmological dark matter.
Before jumping to 1998, it is necessary to mention an uncon-
nected deveopment in 1983 which was the study of Yang-Mills
theory with extended N = 4 supersymmetry (the MSSM has
N = 1 supersymmetry). This remarkable theory, though phe-
nomenologically quite unrealistic as it allows no chiral fermions
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and all matter fields are in adjoint representions, is finite [10–12]
to all orders of perturbation theory and conformally invariant.
Between 1983 and 1997, the relationship between the N = 4
gauge theory and either string theory, also believed to be finite,
or the standard model remained unclear.
The perspective changed in 1997-98 initially through the in-
sight of Maldacena [13] who showed a duality between N = 4
gauge theory and the superstring in ten spacetime dimensions.
Further the N = 4 supersymmetry can be broken by orbifolding
down to N = 0 models with no supersymmetry at all. It was
conjectured [14] by one of the authors in 1998 that such non-
supersymmetric orbifolded models can be finite and conformally
invariant, hence the name conformality.
Conformality models have been investigated far less com-
pletely than supersymmetric ones but it is already clear that
supersymmetry is “not as unique” as previously believed. No-
go theorems can have not only explicit assumptions which need
to be violated to avoid the theorem but unconcious implicit as-
sumptions which require further progress even to appreciate: in
1975 the implicit assumption was that the gauge group is sim-
ple, or if semi-simple may be regarded as a product of theories
each with a simple gauge group. Naturalness, by cancellation of
quadratic divergences, accurate unification and a dark matter
candidate exist in conformality.
It becomes therefore a concern that the design of the LHC
has been influenced by the requirement of testing the MSSM.
The LHC merits an investment of theoretical work to check if
the LHC is adequately designed to test conformality which now
seems equally as likely as supersymmetry, although we fully ex-
pect the detectors ATLAS and CMS to be sufficiently all purpose
to capture any physics beyond the standad model at the TeV
scale.
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2 Quiver gauge theories
Quiver gauge theories possess a gauge group which is generically
a product of U(Ni) factors with matter fields in bifundamental
representations. They have been studied in the physics litera-
ture since the 1980s where they were used in composite model
building. They have attracted much renewed attention because
of their natural appearance in the duality between superstrings
and gauge theories.
The best known such duality gives rise to a highly super-
symmetric (N = 4) gauge theory with a single SU(N) gauge
group with matter in adjoint representations. In this case one
can drop with impunity the U(1) of U(N) because the matter
fields are uncharged under it. In the quiver theories with less
supersymmetry (N ≤ 2) it is usually necessary to keep such
U(1)s.
Quiver gauge theories are taylor made for particle physics
model building. While an SU(N) gauge theory is typically
anomalous in for arbitrary choice of fermions, choosing the fermions
to lie in a quiver insures anomaly cancelation. Furthermore the
fermions in a quiver arrange themselves in bifundamental rep-
resentations of the product gauge group. This nicely coinsides
with the fact that all known fundamental fermions are in bifun-
damental, fundamental, or singlet representations of the gauge
group. The study of quiver gauge theories goes back to the
earliest days of gauge theories and the standard model. Other
notable early examples are the Pati-Salam model and the trinifi-
cation model. A vast literature exists on this subject, but we will
concentrate on post AdS/CFT conjecture quiver gauge theory
work [15–139].
Starting from AdS5 × S5 we only have an SU(N) N = 4
supersymmetric gauge theory. In order to break SUSY and gen-
erate a quiver gauge theory there are several options open to
us. Orbifolds [140–143], conifolds [144–148], and orientifolds
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[149–154] have all played a part in building quiver gauge the-
ories. Since our focus is quiver gauge theories in general, but
via orbifolding of AdS5 ×M5 in particular, we will not discuss
the other options in detail but should point out that orbifolding
from the eleven dimensional M theory point of view has also
an active area of research [155–160]. Furthermore, we are in-
terested in orbifolds where the manifold M5 is the five sphere
S5. There are other possible choices for M5 of relevance to
model building [161, 162] but we will not explore these here ei-
ther. In building models from orbifolded AdS5 × S5, it is of-
ten convenient to break the quiver gauge group to the trinifica-
tion [163] group SU(3)3 or to the Pati-Salam [164–166] group
SU(4)×SU(2)× SU(2), but there are again other possibilities,
including more complicated intermediate groups like the quar-
tification [167–172] symmetry SU(3)4 that treats quarks and
leptons on an equal footing.
It is important to note that although the duality with super-
strings is a significant guide to such model building, and it is
desirable to have a string dual to give more confidence in con-
sistency, we shall focus on the gauge theory description in the
approach to particle phenomenology, as there are perfectly good
quiver gauge theories that have yet to be derived from string du-
ality.
2.1 Orbifolding
The simplest superstring - gauge duality arises from the com-
pactifiation of a Type IIB superstring on the cleverly chosen
manifold
AdS5 × S5
which yields an N = 4 supersymmetry which is an especially
interesting gauge theory which has been intensively studied and
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possesses remarkable properties of finiteness and conformal in-
variance for all values of N in its SU(N) gauge group. By ”con-
formality”, we shall mean conformal invariance at high energy,
also for finite N .
For phenomenological purposes, N = 4 is too much super-
symmetry. Fortunately it is possible to breaking supersymme-
tries and hence approach more nearly the real world, with less
or no supersymmetry in a conformality theory.
By factoring out a discrete (either abelian or nonabelian)
group and composing an orbifold:
S5/Γ
one may break N = 4 supersymmetry to N = 2, 1, or 0.
Of special interest is the N = 0 case.
We may take an abelian Γ = Zp (non-abelian cases will also
be considered in this review) which identifies p points in a com-
plex three dimensional space C3.
The rules for breaking the N = 4 supersymmetry are:
If Γ can be embedded in an SU(2) of the original SU(4) R-
symmetry, then
Γ ⊂ SU(2) ⇒ N = 2.
If Γ can be embedded in an SU(3) but not an SU(2) of the
original SU(4) R-symmetry, then
Γ ⊂ SU(3) ⇒ N = 1.
If Γ can be embedded in the SU(4) but not an SU(3) of the
original SU(4) R-symmetry, then
Γ ⊂ SU(4) ⇒ N = 0.
In fact to specify the embedding of Γ = Zp we need to identify
three integers (a1, a2, a3):
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C3 : (X1, X2, X3) Zp→ (αa1X1, αa2X2, αa3X3)
with
α = exp
(
2πi
p
)
The Zp discrete group identifies p points in C3. The N con-
verging D3-branes meet on all p copies, giving a gauge group:
U(N)×U(N)× ......×U(N), p times. The matter (spin-1/2 and
spin-0) which survives is invariant under a product of a gauge
transformation and a Zp transformation.
There is a convenient diagramatic way to find the result from
a ”quiver.” One draws p points and arrows for a1, a2, a3.
Above is an example for Z5 and ai = (1, 3, 0).
For a general case, the scalar representation contains the bifun-
damental scalars
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3∑
k=1
p∑
i=1
(Ni, N¯i±ak)
Note that by definition a bifundamental representation trans-
forms as a fundamental (Ni) under U(N)i and simultaneously
as an antifundamental (N¯i±ak) under U(N)i±ak.
For fermions, one must first construct the 4 of R-parity SU(4),
isomorphic to the isometry SO(6) of the S5. From the ak =
(a1, a2, a3) one constructs the 4-spinor Aµ = (A1, A2, A3, A4) :
A1 =
1
2
(a1 + a2 + a3)
A2 =
1
2
(a1 − a2 − a3)
A3 =
1
2
(−a1 + a2 − a3)
A4 =
1
2
(−a1 − a2 + a3)
These transform as exp
(
2πi
p Aµ
)
and the invariants may again
be derived (by a different diagram). An example of a fermion
quiver with p = 5 is shown above.
Note that these lines are oriented, as is necessary to accommo-
date chiral fermions. Specifying the four Aµ is equivalent (there
is a constraint that the four add to zero, mod p) to fixing the
three ak and group theoretically is more fundamental.
In general, the fermion representation contains the bifundamen-
tals
10
4∑
µ=1
p∑
i=1
(Ni, N¯i+Aµ)
When one of the Aµs is zero, it signifies a degenerate case of a
bifundamental comprised of adjoint and singlet representations
of one U(N).
To summarize the orbifold construction, first we select a dis-
crete subgroup Γ of the SO(6) ∼ SU(4) isometry of S5 with
which to form the orbifold AdS5 × S5/Γ. As discussed above,
the replacement of S5 by S5/Γ reduces the supersymmetry to
N = 0, 1 or 2 from the initial N = 4, depending on how Γ is
embedded in the isometry of S5. The cases of interest here are
N = 0 and N = 1 SUSY where Γ embeds irreducibly in the
SU(4) isometry or in an SU(3) subgroup of the SU(4) isometry,
respectively. I.e., to achieve N = 0 we embed rep(Γ) → 4 of
SU(4) as 4 = (r) where r is a nontrivial four dimensional rep-
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resentation of Γ; for N = 1 we embed rep(Γ) → 4 of SU(4) as
4 = (1, r) where 1 is the trivial irreducible representation (irrep)
of Γ and r is a nontrivial three dimensional representation of Γ.
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3 Conformality phenomenology
In attempting to go beyond the standard model, one outstand-
ing issue is the hierarchy between GUT scale and weak scale
which is 14 orders of magnitude. Why do these two very differ-
ent scales exist? Also, how is this hierarchy of scales stabilized
under quantum corrections? Supersymmetry answers the sec-
ond question but not the first.
The idea is to approach hierarchy problem by Conformality
at a TeV Scale. We will show how this is possible including
explicit examples containing standard model states.
In some sense conformality provides more rigid constraints
than supersymmetry. It can predict additional states at TeV
scale, while there can be far fewer initial parameters in confor-
mality models than in SUSY models. Conformality also provides
a new approach to gauge coupling unification. It confronts natu-
ralness and provides cancellation of quadratic divergences. The
requirements of anomaly cancellationsi can lead to conformality
of U(1) couplings.
There is a viable dark matter candidate, and proton decay
can be consistent with experiment.
What is the physical intuition and picture underlying confor-
mality? Consider going to an energy scale higher than the weak
scale, for example at the TeV scale. Quark and lepton masses,
QCD and weak scales small compared to TeV scale. They may
be approximated by zero. The theory is then classically con-
formally invariant though not at the quantum level because the
standard model has non-vanishing renormalization group beta
functions and anomalous dimensions. So this suggests that we
add degrees of freedom to yield a gauge field theory with con-
formal invariance. There will be ’t Hooft’s naturalness since the
zero mass limit increases symmetry to conformal symmetry.
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We have no full understanding of how four-dimensional con-
formal symmetry can be broken spontaneously so breaking softly
by relevant operators is a first step. The theory is assumed to
be given by the action:
S = S0 +
∫
d4xαiOi (1)
where S0 is the action for the conformal theory and the Oi are
operators with dimension below four (i.e. relevant) which break
conformal invariance softly.
The mass parameters αi have mass dimension 4−∆i where ∆i
is the dimension of Oi at the conformal point.
LetM be the scale set by the parameters αi and hence the scale
at which conformal invariance is broken. Then for E >> M the
couplings will not run while they start running for E < M . To
solve the hierarchy problem we assumeM is near the TeV scale.
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3.1 Experimental evidence for conformality
Consider embedding the standard model gauge group according
to:
SU(3)× SU(2)× U(1) ⊂
⊗
i
U(Ndi)
Each gauge group of the SM can lie entirely in a SU(Ndi) or
in a diagonal subgroup of a number thereof.
Only bifundamentals (including adjoints) are possible. This im-
plies no (8, 2), (3, 3), etc. A conformality restriction which is
new and satisfied in Nature! The fact that the standard model
has matter fields all of which can be accommodated as bifunda-
mentals is expermental evidence for conformality.
No U(1) factor can be conformal in perturbation theory and
so hypercharge is quantized through its incorporation in a non-
abelian gauge group. This is the “conformality” equivalent to
the GUT charge quantization condition in e.g. SU(5). It can
explain the neutrality of the hydrogen atom. While these are
postdictions, the predictions of the theory are new particles,
perhaps at a low mass scale, filling out bifundamental repre-
sentations of the gauge group that restore conformal invariance.
The next section will begin our study of known quiver gauge
theories from orbifolded AdS5 × S5.
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4 Tabulation of the simplest abelian quivers
We consider the compactification of the type-IIB superstring on
the orbifold AdS5 × S5/Γ where Γ is an abelian group Γ = Zp
of order p with elements exp (2πiA/p), 0 ≤ A ≤ (p− 1).
The resultant quiver gauge theory has N residual supersym-
metries with N = 2, 1, 0 depending on the details of the embed-
ding of Γ in the SU(4) group which is the isotropy of the S5.
This embedding is specified by the four integers Am, 1 ≤ m ≤ 4
with
ΣmAm = 0 mod p
which characterize the transformation of the components of the
defining representation of SU(4). We are here interested in the
non-supersymmetric case N = 0 which occurs if and only if all
four Am are non-vanishing.
Table I. All abelian quiver theories with N = 0 from Z2 to
Z7.
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p Am ai scal scal chir
bfds adjs frms SM
1 2 (1111) (000) 0 6 No No
2 3 (1122) (001) 2 4 No No
3 4 (2222) (000) 0 6 No No
4 4 (1133) (002) 2 4 No No
5 4 (1223) (011) 4 2 No No
6 4 (1111) (222) 6 0 Yes No
7 5 (1144) (002) 2 4 No No
8 5 (2233) (001) 2 4 No No
9 5 (1234) (012) 4 2 No No
10 5 (1112) (222) 6 0 Yes No
11 5 (2224) (111) 6 0 Yes No
12 6 (3333) (000) 0 6 No No
13 6 (2244) (002) 2 4 No No
14 6 (1155) (002) 2 4 No No
15 6 (1245) (013) 4 2 No No
16 6 (2334) (011) 4 2 No No
17 6 (1113) (222) 6 0 Yes No
18 6 (2235) (112) 6 0 Yes No
19 6 (1122) (233) 6 0 Yes No
20 7 (1166) (002) 2 4 No No
21 7 (3344) (001) 2 4 No No
22 7 (1256) (013) 4 2 No No
23 7 (1346) (023) 4 2 No No
24 7 (1355) (113) 6 0 No No
25 7 (1114) (222) 6 0 Yes No
26 7 (1222) (333) 6 0 Yes No
27 7 (2444) (111) 6 0 Yes No
28 7 (1123) (223) 6 0 Yes Yes
29 7 (1355) (113) 6 0 Yes Yes
30 7 (1445) (113) 6 0 Yes Yes
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5 Chiral fermions
The gauge group is U(N)p. The fermions are all in the bifunda-
mental representations
Σm=4m=1Σ
j=p
j=1(Nj, N¯j+Am) (2)
which are manifestly non-supersymmetric because no fermions
are in adjoint representations of the gauge group. Scalars appear
in representations
Σi=3i=1Σ
i=p
j=1(Nj, N¯j±ai) (3)
in which the six integers (ai,−ai) characterize the transforma-
tion of the antisymmetric second-rank tensor representation of
SU(4). The ai are given by a1 = (A2+A3), a2 = (A3+A1), and
a3 = (A1 + A2).
It is possible for one or more of the ai to vanish in which
case the corresponding scalar representation in the summation
in Eq.(3) is to be interpreted as an adjoint representation of one
particular U(N)j. One may therefore have zero, two, four or all
six of the scalar representations, in Eq.(3), in such adjoints. One
purpose of the present article is to investigate how the renor-
malization properties and occurrence of quadratic divergences
depend on the distribution of scalars into bifundamental and
adjoint representations.
Note that there is one model with all scalars in adjoints for
each even value of p. For general even p the embedding is Am =
(p2,
p
2,
p
2,
p
2). This series by itself forms the complete list of N = 0
abelian quivers with all scalars in adjoints.
To be of more phenomenolgical interest the model should
contain chiral fermions. This requires that the embedding be
complex: Am 6≡ −Am (mod p). It will now be shown that for the
presence of chiral fermions all scalars must be in bifundamentals.
The proof of this assertion follows by assuming the contrary,
that there is at least one adjoint arising from, say, a1 = 0.
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Therefore A3 = −A2 (mod p). But then it follows from Eq.(2)
that A1 = −A4 (mod p). The fundamental representation of
SU(4) is thus real and fermions are non-chiral#1.
The converse also holds: If all ai 6= 0 then there are chi-
ral fermions. This follows since by assumption A1 6= −A2,
A1 6= −A3, A1 6= −A4. Therefore reality of the fundamental
representation would require A1 ≡ −A1 hence, since A1 6= 0, p
is even and A1 ≡ p2 ; but then the other Am cannot combine to
give only vector-like fermions.
It follows that:
In an N = 0 quiver gauge theory, chiral fermions are possible
if and only if all scalars are in bifundamental representaions.
#1This is almost obvious but for a complete justification, see [173]
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6 Model building
The next step is to examine how the framework of quiver gauge
theories can accommodate, as a sub theory, the standard model.
This requires that the standard model gauge group and the three
families of quarks and leptons with their correct quantum num-
bers be accommodated.
In such model building a stringent requirement is that the
scalar sector, prescribed by the quiver construction, can by ac-
quiring vacuum expection, values break the symmetry sponta-
neously to the desired sub theory. This is unlike most other
model building where one chooses the representations for the
scalars to accomplish this goal. Here the representations for the
scalars are dictated by the orbifold construction.
One useful guideline in the symmetry breaking is that to
break a semi-simple SU(N)n gauge group to its SU(N) diag-
onal subgroup requires at least (n − 1) bifundamental scalars,
connected to one another such that each of the n SU(N) factors
is linked to all of the others: it is insufficient if the bifundamental
scalars fragment into disconnected subsets.
We shall describe in turn abelian orbifolds [14, 174–177] and
non abelian orbifolds [178–181] As will become clear abelian orb-
ifolds lead to accommodation of the standard model in unified
groups SU(3)n while non abelian orbifolds can lead naturally
to incorportion of the standard model in gauge groups such as
SU(4)× SU(2)× SU(2) and generalizations.
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6.1 Abelian model building
We will now classify compactifications of the type IIB super-
string on AdS5 × S5/Γ, where Γ is an abelian group of order
n ≤ 12. Appropriate embedding of Γ in the isometry of S5
yields both SUSY and non–SUSY chiral models that can con-
tain the minimal SUSY standard model or the standard model.
New non-SUSY three family models with Γ = Z8 are introduced,
which lead to the right Weinberg angle for TeV trinification.
We find 78 N = 0 chiral Zn models and discuss a few of
phenomenological interest. For N = 1his results in 60 chiral Zn
models, and a systematic analysis with n < 8 yields four con-
taining the minimal SUSY standard model with three families.
One of these models extends to an infinite sequence of three-
family MSSMs. We also give a lower bound on the number of
chiral models for all values of n. For completeness, we also dis-
cuss abelian models where the orbifolding groups are products
of cyclic groups.
6.1.1 Abelian non-SUSY models
When one bases models on conformal field theory gotten from
the large N expansion of the AdS/CFT correspondence [13],
stringy effects can arise at an energy scale as low as a few
TeV. These models can potentially test string theory and exam-
ples with low energy scales are known in orbifolded AdS5 × S5.
The first three-family AdS5 × S5/Γ model of this type had
N = 1 SUSY and was based on a Γ = Z3 orbifold [182],
see also [183]. However, since then some of the most studied
examples have been models without supersymmetry based on
both abelian [14, 174–177] and non-abelian [178–181] orbifolds
of AdS5 × S5. Recently both SUSY and nonSUSY three fam-
ily Z12 orbifold models [184–186] have been shown to unify at
a low scale (∼ 4 TeV) and to have the promise of testability.
One motivation for studying the non–SUSY case is that the
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need for supersymmetry is less clear as: (1) the hierarchy prob-
lem is absent or ameliorated , (2) the difficulties involved in
breaking the remaining N = 1 SUSY can be avoided if the
orbifolding already results in completely broken SUSY , and (3)
many of the effects of SUSY are still present in the theory,
just hidden. For example, the bose-fermi state count matches,
RG equations preserve vanishing β functions to some number of
loops, etc. Here we concentrate on abelian orbifolds with and
without supersymmetry, where the orbifolding group Γ has or-
der n = o(Γ) ≤ 12. We systematically study those cases with
chiral matter (i.e., in the SUSY case, those with an imbalance
between chiral supermultiplets and anti-chiral supermultiplets,
and in the non–SUSY case with a net imbalance between left
and right handed fermions). We find all chiral models for n ≤ 12.
Several of these contain the standard model (SM) or the min-
imal supersymmetric standard model (MSSM) with three or
four families.
A summary of how orbifolded AdS5 × S5 models are con-
structed was provided in Section 2.
For N = 0 the fermions are given by ∑i 4 ⊗ Ri and the
scalars by
∑
i 6⊗Ri where the set {Ri} runs over all the irreps
of Γ. For Γ abelian, the irreps are all one dimensional and as
a consequence of the choice of N in the 1/N expansion, the
gauge group [187] is SU(N)n. In the N = 1 SUSY case,
chiral supermultiples generated by this embedding are given by∑
i 4 ⊗ Ri where again {Ri} runs over all the (irreps) of Γ. As
before, for abelian Γ, the irreps are all one dimensional and
the gauge group is SUn(N). Chiral models require the 4 to be
complex (4 6= 4∗) while a proper embedding requires 6 = 6∗
where 6=(4⊗ 4)antisym. (Even though the 6 does not enter the
model in the N = 1 SUSY case, mathematical consistency
requires 6 = 6∗, see [173].)
We now have the required background to begin building chi-
ral models. We choose N = 3 throughout. This means that
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most of our models will proceed to the SM or MSSM through
trinification. It is also possible to start with larger N , say N = 4
and proceed to the SM or MSSM via Pati-Salam models. The
analysis is similar, so the N = 3 case is sufficient to gain an un-
derstanding of the techniques needed for model building, what
choice of N leads to the optimal model is still an open question.
If SUL(2) and UY (1) are embedded in diagonal subgroups
SUp(3) and SU q(3) respectively, of the initial SUn(3), the ra-
tio α2
αY
is p
q
, leading to a calculable initial value of θW with,
sin2 θW =
3
3+5(pq)
. The more standard approach is to break the
initial SUn(3) to SUC(3)⊗SUL(3)⊗SUR(3) where SUL(3) and
SUR(3) are embedded in diagonal subgroups SU
p(3) and SU q(3)
of the initial SUn(3). We then embed all of SUL(2) in SUL(3)
but 13 of UY (1) in SUL(3) and the other
2
3 in SUR(3). This
modifies the sin2 θW formula to: sin
2 θW =
3
3+5
(
α2
αY
) = 3
3+5( 3pp+2q)
,
which coincides with the previous result when p = q. One should
use the second (standard) embedding when calculating sin2 θW
for any of the models obtained below. A similar relation holds
for Pati–Salam type models [180] and their generalizations [188],
but this would require investigation of models with N ≥ 4 which
are not included in this review. Note, if Γ = Zn the initialN = 0
orbifold model (before any symmetry breaking) is completely
fixed (recall we always are taking N = 3) by the choice of n and
the embedding 4 =(αi, αj, αk, αl), so we define these models by
Mnijkl. The conjugate models M
n
n−i,n−j,n−k,n−l contain the same
information, so we need not study them separately.
N = 0 chiral Zn models
To get a feel for the constructions, we begin this section by
studying the first few N = 0 chiral Zn models. Insights gained
here will allow us to generalize and give results to arbitrary n.
First, when N = 0, the only allowed Γ = Z2 orbifold where
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4 = (α, α, α, α) and Z3 orbifold where 4 = (α, α, α
2, α2) have
only real representations and therefore will not yield chiral mod-
els. Next, for Γ = Z4 the choice 4 = (α, α, α, α) with N = 3
where α = e
pii
2 (in what follows we will write α = e
2pii
n for the
roots of unity that generate Zn), yields an SU(3)
4 chiral model
with the fermion content shown in Table 2. The scalar content
of this model is given in Table 3 and a VEV for say a (3,1,3¯,1)
breaks the symmetry to SUD(3)× SU2(3)× SU4(3) but renders
the model vectorlike, and hence uninteresting, so we consider it
no further. (We consider only VEVs that cause symmetry break-
ing of the type SU(N)× SU(N) → SUD(N). Other symmetry
breaking patterns are possible, but for the sake of simplicity
they will not be studied here. It is clear from this and previous
remarks that there are many phenomenological avenues involv-
ing quiver gauge theories yet to be explored.) The only other
choice of embedding is a nonpartition model with Γ = Z4 is
4 = (α, α, α, α3) but it leads to the same scalars with half the
chiral fermions so we move on to Z5.
There is one chiral model for Γ = Z5 and it is fixed by
choosing 4 = (α, α, α, α2), leading to 6 = (α2, α2, α2, α3, α3, α3)
with real scalars. It is straightforward to write down the par-
ticle content of this M51112 model. The best one can do to-
ward the construction of the standard model is to give a VEV
to a (3,1,3¯,1,1) to break the SU 5(3) symmetry to SUD(3) ×
SU2(3)× SU4(3)× SU5(3). Now a VEV for (1,3,3¯,1) completes
the breaking to SU 3(3), but the only remaining chiral fermions
are 2[(3, 3¯, 1) + (1, 3, 3¯) + (3¯, 1, 3)] which contains only two fam-
ilies.
Moving on to Γ = Z6 we find two models where, as with the
previous Z5 model, the 4 is arranged so that 4 = (α
i, αj, αk, αl)
with i + j + k + l = n. These have 4 = (α, α, α, α3) and 4 =
(α, α, α2, α2) and were defined as partition models in [183] when
i was equal to zero. Here we generalize and call all models
satisfying i + j + k + l = n partition models. We have now
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introduced most of the background and notation we need, so
at this point (before completing the investigation of the Γ = Z6
models) it is useful to give a summary (see Table 4) of all N = 0
chiral Zn models with real 6’s for n ≤ 12.We note that the n = 8
partition model with 4 = (α, α, α2, α4) has χ/N2 = 16; the other
four have χ/N2 = 32. Of the nine Z10 partition models, 2 have
χ/N2 = 30 and the other 7 have χ/N2 = 40. The Z12 partition
models derived from 4 = (α, α, α4, α6), 4 = (α, α2, α3, α6), and
4 = (α2, α2, α2, α6) have χ/N2 = 36; the others have χ/N2 = 48.
A new class of models appears in Table 4; these are the double
partition models. They have i + j + k + l = 2n and none are
equivalent to single partition models (if we require that i, j,
k, and l are all positive integers) with i + j + k + l = n. The
N = 1 nonpartition models have been classified [181], and we
find eleven N = 0 examples in Table 4. While they have a
self conjugate 6, this is only a necessary condition that may
be insufficient to insure the construction of viable string theory
based models [186]. However, as is the N = 1 case, the N = 0
nonpartition models may still be interesting phenomenologically
and as a testing ground for models with the potential of broken
conformal invariance.
For Zn orbifold models with n a prime number, only partition
models arise. The non–partition and double partition models
only occur when n is not a prime number, and only a few are
independent. Consider n = 12, here we can write Z12 = Z4×Z3.
If we write an element of this group as γ ≡ (a, b), where a is a
generator of Z4 and b of Z3, then γ
2 ≡ (a2, b2), γ3 ≡ (a3, 1), etc.
The full group is generated by any one of the elements γ = (a, b),
γ5 = (a, b2), γ7 = (a3, b), or γ11 = (a3, b2). The other choices do
not faithfully represent the group. Letting α = γ11 give a conju-
gate model, e.g., it transforms (α, α6, α8, α9) into (γ11, γ6, γ4, γ3),
so this pair of double partition models are equivalent, while let-
ting α = γ5 transforms (α, α6, α8, α9) into the equivalent model
(γ5, γ6, γ4, γ9), and α = γ7 transforms (α, α6, α8, α9) into the
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equivalent model (γ7, γ6, γ8, γ3). Hence a systematic use of these
operations on the non–partition and double partition models can
reduce them to the equivalence classes listed in the tables.
It is easy to prove we always have a proper embedding (i.e.,
6 = 6∗) for the 4 = (αi, αj, αk, αl) when i + j + k + l = n (or
2n). To show this note from 6=(4⊗ 4)antisym we find
6 = (αi+j, αi+k, αi+l, αj+k, αj+l, αk+l) (4)
but (i + j) = n − k − l = −(k + l) (mod n) and (i + k) =
n− j − l = −(j + l) (mod n), so this gives
6 = (α−(k+l), α−(j+l), α−(j+k), αj+k, αj+l, αk+l) = 6∗. (5)
A simple modification of this proof also applies to the double
partition models.
Now let us return to Γ = Z6 where the partition models of in-
terest are: (1) 4 = (α, α, α2, α2) where one easily sees that VEVs
for (3, 1, 3¯, 1, 1, 1) and then (1, 3, 3¯, 1, 1) lead to at most two fam-
ilies, while other SSB routes lead to equal or less chirality; and
(2) 4 = (α, α, α, α3) where VEVs for (3, 1, 3¯, 1, 1, 1) followed
by a VEV for (1, 3, 3¯, 1, 1) leads to an SU(3)4 model contain-
ing fermions 2[(3, 3¯, 1, 1) + (1, 3, 3¯, 1) + (1, 1, 3, 3¯) + (3¯, 1, 1, 3)].
However, there are insufficient scalars to complete the symme-
try breaking to the standard model. In fact, one cannot even
achieve the trinification spectrum.
The double partition Z6 model 4 = (α, α
3, α4, α4) is relatively
complicated, since there are 24 different scalar representations in
the spectrum, and this makes the SSB analysis rather difficult.
A number of possible SSB pathways were investigated [190], but
none were found that lead to the SM with at least three families.
However, since the search was not exhaustive, we cannot make
a definitive statement about this model. As stated elsewhere,
the non-partition models are difficult to interpret, if not patho-
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logical, so we have not studied the SSB pathways for these Z6
models.
We move on to Z7, where there are three partition models: (1)
for 4 = (α, α2, α2, α2), we find no SSB pathway to the SM. There
are paths to an SM with less than three families, e. g., VEVs for
(3, 1, 1, 3¯, 1, 1, 1), (1, 3, 1, 3¯, 1, 1), (3, 3¯, 1, 1, 1), and (1, 3, 3¯, 1) lead
to one family at the SU 3(3) level; (2) for 4 = (α, α, α, α4), again
we find only paths to family-deficient standard models. An ex-
ample is where we have VEVs for (3, 1, 3¯, 1, 1, 1, 1), (1, 3, 3¯, 1, 1, 1),
(3, 1, 3¯, 1, 1), and (1, 3, 3¯, 1), which lead to a two-family SU 3(3)
model; (3) finally, 4 = (α, α, α2, α3) is the model discovered in
[176], where VEVs to (1, 3, 1, 3¯, 1, 1, 1), (1, 1, 3, 3¯, 1, 1), (1, 1, 3, 3¯, 1)
and (1, 1, 3, 3¯) lead to a three family model with the correct
Weinberg angle at the Z-pole, sin2 θW = 3/13.
For Zn with n ≥ 8, the number of representations of matter
multiplets has already grown to a degree where it makes a sys-
tematic analysis of the models prohibitively time-consuming. It
is thus helpful to have further motivation to study particular ex-
amples or limited sets of these models with large n values. Thus
we searched for examples which break SU(3)8 down to diagonal
subgroups SU(3)4×SU(3)3×SU(3), since this implies the right
Weinberg angle for TeV trinification [163], sin2 θW = 3/13, when
embedding SU(3)L and SU(3)R into the diagonal subgroups of
SU(3)4 and SU(3), respectively. There are actually 11 different
possibilities to break SU(3)8 down to SU(3)4×SU(3)3×SU(3),
assuming the necessary scalars exist. While none of these paths
was successful for 4 = (α, α, α, α5), the model 4 = (α, α, α2, α4)
leads to the 3 family SM. Assigning VEVs to (3, 1, 3¯, 1, 1, 1, 1, 1),
(3, 1, 1, 3¯, 1, 1, 1), (3, 3¯, 1, 1, 1, 1), (1, 3, 3¯, 1, 1) and (1, 3, 3¯, 1) breaks
SU(3)8 down to SU(3)1235× SU(3)467 × SU(3)8.
Another option exists for 4 = (α, α4, α5, α6), when assigning
VEVs to #2
#2This SSB pathway has first been derived by Yasmin Anstruthler.
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(3, 3¯, 1, 1, 1, 1, 1, 1), (3, 3¯, 1, 1, 1, 1, 1), (3, 1, 1, 3¯, 1, 1),
(1, 3, 3¯, 1, 1) and (1, 3, 1, 3¯) (6)
These models have not been discussed in the literature so far
and have potential interesting phenomenology.
6.1.2 N = 1 chiral Zn models
To tabulate the possible models for each value of n, we first show
that a proper embedding (i.e., 6 = 6∗) for 4 =(1, αi, αj, αk) re-
sults when i+j+k = n. To do this we use the fact that the conju-
gate model has i→ i′ = n−i, j → j′ = n−j and k → k′ = n−k.
Summing we find i′ + j′ + k′ = 3n − (i + j + k) = 2n. But
from 6=(4 ⊗ 4)antisym we find 6 =(αi, αj, αk, αj+k, αi+k, αi+j),
but i + j = n − k = k′. Likewise i + k = j′ and j + k = i′ so
6 =(αi, αj, αk, αi
′
, αj
′
, αk
′
) and this is 6∗ up to an automorphism
which is sufficient to provide a proper embedding (or to provide
real scalars in the non-SUSY models). Models with i+j+k = n
(we will call these partition models) are always chiral, with total
chirality (number of chiral states) χ = 3N2n except in the case
where n is even and one of i, j, or k is n/2 where χ = 2N2n. (No
more than one of i, j, and k can be n/2 since they sum to n and
are all positive.) This immediately gives us a lower bound on the
number of chiral models at fixed n. It is the number of partitions
of n into three non-negative integers. There is another class of
models with i′ = k and j′ = 2j, and total chirality χ = N2n; for
example a Z9 orbifold with 4 =(1, α
3, α3, α6). And there are a
few other sporadically occurring cases likeM6124, which typically
have reduced total chirality, χ < 3N2n. Such ”nonpartition”
- i.e. neither partition nor double partition - models can fail
other more subtle constraints on consistent embedding [173],
but we list them here because they have vanishing anomaly co-
efficients and vanishing one loop β functions, and so are still of
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phenomenological interest from the gauge theory model building
perspective.
We now list all the N = 1, Zn orbifold models up to n = 12
along with the total chirality of each model, (see Table 1).
A systematic search through n ≤ 7 yields four models that
can result a in three-family MSSM. They are M3111, M
5
122, M
6
123,
and M7133. There may be many more models with sensible phe-
nomenology at larger n, and we have given one example M9333,
with particularly simple spontaneous symmetry breaking, that
is also a member of an infinite series of models Mnn
3
n
3
n
3
, which
all can lead to three-family MSSMs. The value of sin2 θW at
SUn(3) unification was calculated for all these three family mod-
els in [183]. This completes the summary of N = 1 chiral Zn
models, so we now proceed to investigate chiral Zn models with
no remaining supersymmetry.
6.1.3 N = 0, 1 chiral models for abelian product groups
Now let us consider abelian orbifold groups of order g ≤ 12,
that are not just Zn. There are only four, but they will be
sufficient to teach us how to deal with this type of orbifold. We
will search for both N = 1 and N = 0 models. Three groups,
Z2×Z4, Z3×Z3, and Z2×Z2×Z3 fit our requirements. We have
dispensed with Z2×Z2×Z2 since all its fermionic representations
are real and it cannot produce chiral models.
First for Z2×Z4, we can write elements as (αi, βi′) where α2 =
1, and β4 = 1. As usual, the supersymmetry after orbifolding is
determined by the embeddings. These are of the form:
4 = ((αi, βi
′
), (αj, βj
′
), (αk, βk
′
), (αl, βl
′
)).
If all four entries are nontrivial N = 0 SUSY results, if one
is trivial, then we have N = 1. We can think of the SUSY
breaking as a two step process, where we first embed the α’s
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in the 4 and then the β’s. Let us proceed this way and in-
clude only the partition, and possibly double partition mod-
els. (As we noted above, the nonpartition models have po-
tential pathologies.) Thus for the α’s we must have either
4α1 = (−1,−1,−1,−1) or 4α2 = (1, 1,−1,−1). The 4α1 results
in N = 0 SUSY, while 4α2 gives N = 2. We do not include
trivial Zn factors 4=(1,1,1,1) in the discussion, since these mod-
els contain very little new information. [Note, for any product
groups Zn × Zm, the α’s of Zn must be self conjugate in the 6,
as are the β’s of Zm. Hence, the full 6 is self conjugate since the
subgroups Zn and Zm are orthogonal. This generalizes to more
complicated products Zn × Zm × Zp × ....]
Now for the β’s. These are to be combined with the α’s,
so we must consider the 4α1 and 4α2 separately. For 4α1, the
inequivalent 4β’s are 4β1 = (β, β, β, β) and 4β2 = (1, β, β, β
2).
[Models with 4 = (1, 1, β2, β2) are uninteresting since they all are
nonchiral.] Both cases have N = 0 SUSY since we were already
at N = 0 after the 4α1 embedding. For 4α2 we find five possible
inequivalent embeddings, again we can have 4β1 = (β, β, β, β) or
4β2 = (1, β, β, β
2), but now we can also have 4β3 = (1, β
2, β, β),
4β4 = (β, β, 1, β
2) and 4β5 = (β
2, β, 1, β). The embeddings 4β1,
4β4 and 4β5 lead to N = 0 SUSY while 4β2 and 4β3 leave N =
1 SUSY unbroken. A similar analysis can be carried out for
Z3×Z3, and Z2×Z2×Z3, with the obvious generalization to a
triple embedding for Z2 × Z2 × Z3.
For Z3 × Z3 there are five models. We can choose 4α =
(1, α, α, α) as the embedding of the first Z3. Then the embedding
of the second Z3 can be 4β1 = (1, β, β, β), 4β2 = (β, 1, β, β),
4β3 = (1, 1, β, β
2), 4β4 = (β, 1, 1, β
2), or 4β5 = (β
2, 1, 1, β). The
first and third result in N = 1 SUSY models while the other
three are N = 0.
For Z2×Z2×Z3 we find 9 chiral models. Rather than belabor
the details, we summarize all our results for Z2 × Z4, Z3 × Z3,
and Z2 × Z2 × Z3 in Table 5.
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Summary
We have now completed our task of summarizing all N = 0
and N = 1 SUSY chiral models of phenomenological interest
derivable from orbifolding AdS5×S5 with abelian orbifold group
Γ of order o(Γ) ≤ 12. The models fall into three classes: parti-
tion models, double partition models, and non-partition models
as determined by how the equation i+ j+k+ l = sn is satisfied
by the embedding where s = 1 for partition models, s = 2 for
double partition models and s is non–integer for non-partition
models. For Zn orbifolds with N = 1 SUSY , there are 53 parti-
tion models, and 7 non-partition models, and for N = 0 SUSY ,
we find 54 partition, 11 double partition, and 13 non-partition
models. The non-partition models have potential pathologies
if they are to be interpreted as coming from string theory, but
they still may be of phenomenological and technical interest, so
they have been included in our classification of Zn models. See
also the related discussions in [140] and [191].
The non–Zn abelian product groups of interest (we only con-
sider partition models here) with g ≤ 12 are Z2 × Z4 with five
N = 0 and two N = 1 chiral models; Z3×Z3 with three N = 0
and two N = 1 chiral models, and Z2 × Z2 × Z3 with seven
N = 0 and two N = 1 chiral models.
The relation to the SM and MSSM have been explored in
some detail for Zn models with g ≤ 7, but we have only given
a few examples with g > 7, and have indicated how to build
abelian orbifold models for any g. Two Z8 models have been
introduced, which can lead to the right Weinberg angle, when
broken down to the SM. These results should be useful to model
builders and phenomenologists alike.
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M41111(F ) 1 α α
2 α3
1 ×4
α ×4
α2 ×4
α3 ×4
Table 2: Fermion content for the model M41111. The ×4 entry
at the (1,α) position means the model contains 4(3, 3¯, 1, 1) of
SU 4(3), etc. Hence, the fermions in this table are 4[(3, 3¯, 1, 1)+
(1, 3, 3¯, 1) + (1, 1, 3, 3¯) + (3¯, 1, 1, 3)]. Diagonal entries do not oc-
cur in this model but, if they did, an × at say (α2,α2) would
correspond to (1, 8 + 1, 1, 1), etc. See models below.
M41111(S) 1 α α
2 α3
1 ×6
α ×6
α2 ×6
α3 ×6
Table 3: Scalar content of the model M41111.
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n 4 χ/N2 comment
4 (α,α, α, α) 16 i+ j + k + l = 3; one model (i = j = k = l = 1)
4 (α,α, α, α3)∗ 8 nonpartition model
5 (αi, αj , αk, αl) 20 i+ j + k + l = 5; 1 models
6 (αi, αj , αk, αl) ≤24 i+ j + k + l = 6; 2 models
6 (α,α, α3, α5)∗ 6 nonpartition
6 (α,α2, α3, α5)∗ 6 nonpartition
6 (α,α3, α4, α4) 24 double partition
7 (αi, αj , αk, αl) 28 i+ j + k + l = 7; 3 models
8 (αi, αj , αk, αl) ≤ 32 i+ j + k + l = 8; 5 models
8 (α,α2, α3, α6)∗ 16 nonpartition
8 (α2, α2, α2, α6)∗ 16 analog of Z4 (α,α, α, α
3) model
8 (α,α4, α5, α6) 32 double partition
9 (αi, αj , αk, αl) 36 i+ j + k + l = 9; 7 models
9 (α,α3, α4, α7)∗ 36 nonpartition
9 (α,α4, α6, α7) 36 double partition
10 (αi, αj , αk, αl) ≤ 40 i+ j + k + l = 10; 9 models
10 (α,α3, α8, α8) 40 double partition
10 (α,α5, α6, α8) 40 double partition
11 (αi, αj , αk, αl) 44 i+ j + k + l = 11; 11 models
12 (αi, αj , αk, αl) ≤ 48 i+ j + k + l = 12; 15 models
12 (α,α4, α9, α10) 48 double partition
12 (α,α5, α9, α9) 48 double partition
12 (α,α6, α7, α10) 48 double partition
12 (α,α6, α8, α9) 36 double partition
12 (α,α7, α8, α8) 48 double partition
12 (α2, α6, α8, α8) 36 double partition
12 (α,α, α5, α9)∗ 48 nonpartition
12 (α,α3, α5, α9)∗ 24 nonpartition
12 (α,α3, α7, α11)∗ 24 nonpartition
12 (α,α5, α5, α9)∗ 48 nonpartition
12 (α2, α2, α6, α10)∗ 12 nonpartition
12 (α2, α3, α4, α9)∗ 24 nonpartition
12 (α2, α4, α6, α10)∗ 24 nonpartition
12 (α3, α3, α3, α9)∗ 24 nonpartition
Table 4. All chiral N = 0, Zn orbifold models with n ≤ 12.
The 13 non–partition models are marked with an asterisk(*).
For further explanations see text.
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Group 4 χ/N2 N
Z2 × Z4 (−1,−1,−1,−1)× (β, β, β, β) 32 0
Z2 × Z4 (−1,−1,−1,−1)× (1, β, β, β2) 16 0
Z2 × Z4 (1, 1,−1,−1)× (β, β, β, β) 32 0
Z2 × Z4 (1, 1,−1,−1)× (1, β, β, β2) 16 1
Z2 × Z4 (1, 1,−1,−1)× (1, β2, β, β) 16 1
Z2 × Z4 (1, 1,−1,−1)× (β, β, 1, β2) 16 0
Z2 × Z4 (1, 1,−1,−1)× (β, β2, 1, β) 16 0
Z3 × Z3 (1, α, α, α) × (1, β, β, β) 27 1
Z3 × Z3 (1, α, α, α) × (β, 1, β, β) 36 0
Z3 × Z3 (1, α, α, α) × (1, 1, β, β2) 18 1
Z3 × Z3 (1, α, α, α) × (β, 1, 1, β2) 36 0
Z3 × Z3 (1, α, α, α) × (β2, 1, 1, β) 36 0
Z2 × Z2 × Z3 (1, 1,−1,−1)× (1, 1,−1,−1)× (1, γ, γ, γ) 48 1
Z2 × Z2 × Z3 (1, 1,−1,−1)× (−1, 1, 1,−1)× (1, γ, γ, γ) 48 0
Z2 × Z2 × Z3 (1, 1,−1,−1)× (−1,−1,−1,−1)× (1, γ, γ, γ) 48 0
Z2 × Z2 × Z3 (−1,−1, 1, 1)× (−1,−1, 1, 1)× (1, γ, γ, γ) 48 0
Z2 × Z2 × Z3 (−1,−1, 1, 1)× (−1,−1,−1,−1)× (1, γ, γ, γ) 48 0
Z2 × Z2 × Z3 (1, 1,−1,−1)× (−1,−1, 1, 1)× (1, γ, γ, γ) 48 0
Z2 × Z2 × Z3 (1, 1,−1,−1)× (1,−1,−1, 1)× (1, γ, γ, γ) 48 1
Z2 × Z2 × Z3 (−1, 1, 1,−1)× (−1, 1,−1, 1)× (1, γ, γ, γ) 48 0
Z2 × Z2 × Z3 (−1,−1,−1,−1)× (−1,−1,−1,−1)× (1, γ, γ, γ) 48 0
Table 5.: All chiral N = 0 and N = 1 SUSY partition mod-
els for product orbifolding groups Z2×Z4, Z3×Z3, and Z2×Z2×
Z3, where the embedding is nontrivial in all factors. Our nota-
tion is: 4 = ((αi), (αj), (αk), (αl)) × ((βi′), (βj′), (βk′), (βl′)) =
((αi, βi
′
), (αj, βj
′
), (αk, βk
′
), (αl, βl
′
)), etc.
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6.1.4 Abelian SUSY models
Orbifolded AdS5×S5 is fertile ground for building models which
can potentially test string theory. When one bases the models
on the conformal field theory gotten from the large N expansion
of the AdS/CFT correspondence [13], stringy effects can show
up at the scale of a few TeV . The first three-family model of this
type had N = 1 SUSY and was based on a Z3 orbifold [192].
However, since then the most studied examples have been mod-
els without supersymmetry based on both abelian [14, 174–177]
and non-abelian [178–181] orbifolds ofAdS5×S5. Here we return
to Zn orbifolds with supersymmetry, and systematically study
those cases with chiral matter (i.e., those with an imbalance
between chiral supermultiplets and anti-chiral supermultiplets).
We classify all cases up to n ≤ 12, and show that several of these
contain the minimal supersymmetric standard model (MSSM)
with three families.
For details of the construcion of quiver gauge theories from
orbifolds, see Section 2.
The replacement of S5 by S5/Γ reduces the supersymmetry
to N = 0, 1 or 2 from the initial N = 4, depending on how Γ
is embedded in the SO(6) ∼ SU(4) isometry of S5. The case
of interest here is N = 1 SUSY where Γ completely embeds
in an SU(3) subgroup of the SU(4) isometry. I.e., we embed
rep(Γ)→ 4 of SU(4) as 4 = (1, r) where 1 is the trivial irrep of
Γ and r is a nontrivial (but possibly reducible) three dimensional
representation of Γ. The chiral supermultiples generated by this
embedding are given by ∑
i
4⊗ Ri (7)
where the set Ri runs over all the irreps of Γ. For our choice,
Γ = Zn, the irreps are all one dimensional and as a consequence
of the choice of N in the 1/N expansion, the gauge group [187]
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is U(N)n. Chiral models require the 4 to be complex (4 6=
4∗) while a proper embedding requires 6 = 6∗ where 6=(4 ⊗
4)antisym., (even though the 6 does not enter the model). This
information is sufficient for us to begin our investigation. We will
chooseN = 3 throughout, and if we use the fact that SUL(2) and
UY (1) are embedded in diagonal subgroups SU
p(3) and SU q(3)
of the initial SUn(3), the ratio α2
αY
turns out to be p
q
. This implies
the initial value of θW is calculable in these models and sin
2 θW
satisfies
sin2 θW =
3
3 + 5
(
p
q
). (8)
On the other hand, a more standard approach is to break the
initial SUn(3) to SUC(3)⊗SUL(3)⊗SUR(3) where SUL(3) and
SUR(3) are embedded in diagonal subgroups SU
p(3) and SU q(3)
of the initial SUn(3). We then embed all of SUL(2) in SUL(3)
but 13 of UY (1) in SUL(3) and the other
2
3 in SUR(3). This
modifies the sin2 θW formula to:
sin2 θW =
3
3 + 5
(
α2
αY
) = 3
3 + 5
(
3p
p+2q
) (9)
Note, this coincides with the previous result when p = q. We will
use the later result when calculating sin2 θW below. A similar
relation holds for Pati–Salam type models [181].
We now go through a systematic list of low n examples as we
did in the N = 1 case to familiarize ourselves with N = 0 mod-
els. First a Z2 orbifold has only real representations and there-
fore will not yield a chiral model. (Note, although all matter is
in chiral supermultiplet, if there is a left-handed supermultiplet
to match each right-handed supermultiplet, then the model has
no overall chirality, i.e., it is vectorlike.)
Next, for Γ = Z3 the choice 4 = (1, α, α, α) with N = 3
where α = e
2pii
3 (in what follows we will write α = e
2pii
n for Zn),
yields the three family trinification [163] model of [192], but
without sufficient scalars to break the gauge symmetry to the
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MSSM. Here the initial value of sin2 θW =
3
8, so unification at
the TeV scale is also problematic. There is another chiral model
for 4 = (1, α, α, α2) but it can have at most one chiral family.
Z4 orbifolds allow only one chiral model with N = 1 SUSY.
It is generated by 4 = (1, α, α, α2) but can have at most two
chiral families.
There are two chiral models for Z5, and they are fixed by
choosing 4 = (1, α, α, α3) and 4 = (1, α, α2, α2). Before look-
ing at these in detail, let us pause to define a useful notation
for classifying models. The initial model (before any symmetry
breaking) is completely fixed (recall we always are takingN = 3)
by the choice of Zn and the embedding 4 =(1, α
i, αj, αk), so we
define the model to by Mnijk. We immediately observe that the
conjugate model Mnn−i,n−j,n−k contains the same information, so
we need not study it separately.
Returning now to Z5, the two models are M
5
113 and M
5
122.
(Other inconsistent models are eliminated by requiring 6 = 6∗
keeping the number of models limited.) We find no pattern of
spontaneous symmetry breaking (SSB) forM5113 that yields the
MSSM , but M5122 is more interesting. The matter content of
M5122 is shown in Table 1.
For each entry, (×), in the table, we have a chiral supermul-
tiplet in a bifundamental representation of SU 5(3). Specifically,
for an entry at the ith column and jth row we have a bifunda-
mental representation of SUi(3) × SUj(3). We can arbitrarily
assign the fundamental representation to the rows and the anti-
fundamental representation to the columns. If i = j the bifun-
damental is all in SUi(3) and hence is a singlet plus adjoint of
SUi(3). Hence the complete set of chiral supermultiplets repre-
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sented by Table 1 is:
[(3, 3¯, 1, 1, 1) + (1, 3, 3¯, 1, 1) + (1, 1, 3, 3¯, 1) (10)
+(1, 1, 1, 3, 3¯) + (3¯, 1, 1, 1, 3)] (11)
+2[(3, 1, 3¯, 1, 1) + (1, 3, 1, 3¯, 1) + (1, 1, 3, 1, 3¯) (12)
+(3¯, 1, 1, 3, 1) + (1, 3¯, 1, 1, 3)] (13)
+[(1 + 8, 1, 1, 1, 1) + (1, 1 + 8, 1, 1, 1) (14)
+(1, 1, 1 + 8, 1, 1) + (1, 1, 1, 1 + 8, 1) + (1, 1, 1, 1, 1 + 8)].(15)
M5122 1 α α
2 α3 α4
1 × × ××
α × × ××
α2 × × ××
α3 ×× × ×
α4 × ×× ×
Table 1: Matter content for the model M5122. The ×× entry
at the (1,α2) position means the model contains 2(3, 1, 3¯, 1, 1) of
SU 5(3), etc. The diagonal entries are (8 + 1, 1, 1, 1, 1), etc.
A vacuum expectation value (V EV ) for (3, 3¯, 1, 1, 1) breaks
the symmetry to SUD(3) ⊗ SU3(3) ⊗ SU4(3) ⊗ SU5(3) and a
further V EV for (1, 3, 3¯, 1) breaks the symmetry to SUD(3) ⊗
SUD′(3) ⊗ SU5(3). Identifiny SUC(3) with SUD(3), embedding
SUL(2) in SUD′(3) and UY (1) partially in SU5(3) and partially
in SUD′(3) gives an initial value of sin
2 θW =
2
7
= .286, and
implies a unification scale around 2× 107GeV .
The remaining chiral multiplets are
3[(3, 3¯, 1) + (1, 3, 3¯) + (3¯, 1, 3)] (16)
We have sufficient octets to continue the symmetry breaking all
the way to SU(3)⊗ SU(2)⊗ U(1), and so arrive at the MSSM
with three families (plus additional vector-like matter that is
heavy and therefore not in the low energy spectrum).
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Before analyzing more models in detail, it is useful to tabulate
the possible model for each value of n. To this end, note we al-
ways have a proper embedding (i.e., 6 = 6∗) for 4 =(1, αi, αj, αk)
when i + j + k = n. To show this we use the fact that the
conjugate model has i → i′ = n − i, j → j′ = n − j and
k → k′ = n−k. Summing we find i′+j′+k′ = 3n−(i+j+k) = 2n.
From 6=(4 ⊗ 4)antisym we find 6 =(αi, αj, αk, αj+k, αi+k, αi+j),
but i + j = n − k = k′. Likewise i + k = j′ and j + k = i′ so
6 =(αi, αj, αk, αi
′
, αj
′
, αk
′
) and this is 6∗ up to an automorphism
which is sufficient to provide vectorlike matter in this sector in
the non-SUSY models and here provide a proper embedding.
Models with i+ j + k = n (we will call these partition models)
are always chiral, with total chirality χ = 3N2n except in the
case where n is even and one of i, j, or k is n/2 where χ = 2N2n.
(No more than one of i, j, and k can be n/2 since they add to n
and are all positive.) This immediately gives us a lower bound
on the number of chiral models at fixed n. It is the the num-
ber of partitions of n into three non-negative integers. There is
another class of models with i′ = k and j′ = j2, and total chiral-
ity χ = N2n; for example a Z9 orbifold with 4 =(1, α
3, α3, α6).
And there are a few other sporadically occurring cases likeM6124,
which typically have reduced total chirality, χ < 3N2n.
We now tabulate all the Zn orbifold models up to n = 12
along with the total chirality of each model, (see Table 2).
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n 4 χ/N2 comment
3 (1, α, α, α) 9 i+ j + k = 3; one model (i = j = k = 1)
3 (1, α, α, α2)∗ 3
4 (1, α, α, α2) 8 i+ j + k = 4; one model
5 (1, αi, αj, αk) 15 i+ j + k = 5; 2 models
6 (1, αi, αj, αk) 12 i+ j + k = 6; 3 models
6 (1, α, α2, α4)∗ 6
6 (1, α2, α2, α4)∗ 6
7 (1, αi, αj, αk) 21 i+ j + k = 7; 4 models
8 (1, αi, αj, αk) ≤ 24 i+ j + k = 8; 5 models
9 (1, αi, αj, αk) 27 i+ j + k = 9; 7 models
9 (1, α, α4, α7)∗ 27
9 (1, α3, α3, α6)∗ 9
10 (1, αi, αj, αk) 30 i+ j + k = 10; 8 models
11 (1, αi, αj, αk) 33 i+ j + k = 11; 10 models
12 (1, αi, αj, αk) ≤ 36 i+ j + k = 12; 12 models
12 (1, α2, α4, α8)∗ 12
12 (1, α4, α4, α8)∗ 12
Table 2. All chiral Zn orbifold models with n ≤ 12. Three of
the n = 8 models have χ/N2 = 24; the other two have χ/N2 =
16. Of the 12 models with i + j + k = 12, three have models
χ/N2 = 24 and the other nine have χ/N2 = 36.Of the 60 models
53 are partition models, while the remaining 7 models that do
not satisfy i+ j + k = n, are marked with an asterisk (*).
We have analyzed all the models for Z6 orbifolds, and find
only one of phenomenological interest. It is M6123 , where the
matter multiplets are shown in Table 3.
M6123 1 α α
2 α3 α4 α5
1 × × × ×
α × × × ×
α2 × × × ×
α3 × × × ×
α4 × × × ×
α5 × × × ×
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Table 3: Chiral supermultiplets for the model M6123.
V EV s for (3, 3¯, 1, 1, 1, 1), (1, 1, 3, 3¯, 1, 1) and (1, 1, 1, 1, 3, 3¯)
break the symmetry to SU12(3)⊗SU34(3)⊗SU56(3) where SU12(3)
is the diagonal subgroup of SU1(3) ⊗ SU2(3), etc., and the re-
maining chirality resides in 3[(3, 3¯, 1)+(1, 3, 3¯)+(3¯, 1, 3)]. Again,
we have octets of all six initial SU(3)s, so we can break to a
three-family MSSM , but with sin2 θW =
3
8. There is no other
pattern of SSB that gives three families.
For Z7, we again find only one model that can break to a
three-familyMSSM . It is M7133, with matter shown in Table 4.
M7133 1 α α
2 α3 α4 α5 α6
1 × × ××
α × × ××
α2 × × ××
α3 × × ××
α4 ×× × ×
α5 ×× × ×
α6 × ×× ×
Table 4: Chiral supermultiplets for the model M7133.
First V EV s for (3, 3¯, 1, 1, 1, 1, 1) and (1, 1, 3, 3¯, 1, 1, 1) breaks
the symmetry to SU12(3)⊗SU34(3)⊗SU5(3)⊗SU6(3)⊗SU7(3).
Then a V EV for (1, 1, 1, 3, 3¯) breaks this to SU12(3)⊗SU34(3)⊗
SU5(3)⊗ SU67(3), and leaves the following multiplets chiral
(3, 3¯, 1, 1) + (1, 3, 3¯, 1) + (1, 1, 3, 3¯) + (3¯, 1, 1, 3) (17)
+2[(3, 3¯ (18)
Finally, a V EV for (1, 3, 3¯, 1) yields the MSSM with three chi-
ral families. Identifying SUC(3) with SU12(3) and embedding
SUL(2) in SU67(3) and UY (1) in SU345(3) gives sin
2 θW =
7
22
=
.318 and implies a unification scale around 1010GeV .
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The n > 7 models can be analyzed in a similar manner. The
total number of models grows with n. There are also potentially
interesting examples for N > 4. Although we have not made
a systematic study of the models with n ≥ 8, we close with a
rather compact example of a three-family MSSM at n = 9.
The model is M6123 with matter given in Table 5.
M9333 1 α α
2 α3 α4 α5 α6 α7 α8
1 × ×××
α × ×××
α2 × ×××
α3 × ×××
α4 × ×××
α5 × ×××
α6 ××× ×
α7 ××× ×
α8 ××× ×
Table 5: Chiral supermultiplets for the model M9333.
V EV s for the octets of SUk(3), where k = 2, 3, 5, 6, 8, and 9
breaks the symmetry to SU1(3)⊗SU4(3)⊗SU7(3). (Each chiral
supermultiplet of representation R contains one chiral fermion
multiplet in representation R, and two scalar (we need not dis-
tinguish scalars from pseudoscalars here) multiplets in represen-
tation R. Therefore, there are two scalar octets for each SUk(3).
When one octet of SUk(3) is given a V EV , gauge freedom can
be used to diagonalize that V EV . However, there is not enough
gauge freedom left to diagonalize the V EV of the second octet of
the same SUk(3). Therefore SUk(3) can be broken completely
by SUk(3)s for the two octets). The chirality remaining after
this octet breaking is 3[(3, 3¯, 1) + (1, 3, 3¯) + (3¯, 1, 3)]. Further
symmetry breaking via single octets of SU3(3) and SU7(3) leads
us to the three-familyMSSM , but with sin2 θW =
3
8 . Note that
any model of the type Mnn
3
n
3
n
3
can be handled this way, and can
lead to a three-family MSSM . Hence this provides an infinite
class of three-family models.
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We have found 60 chiral Zn orbifolds for n ≤ 12. A sys-
tematic search up through n = 7 yields four models that can
result in three-family minimal supersymmetric standard mod-
els. They are M3111, M
5
122, M
6
123, and M
7
133. We suspect there
are many more models with sensible phenomenology at larger
n, and we have pointed out one example M9333, which is par-
ticularly simple in its spontaneous symmetry breaking, and is
also a member of an infinite series of models Mnn
3
n
3
n
3
, which all
can lead to three-family MSSMs. Orbifolded AdS/CFT mod-
els hold great promise for testing string theory not far above
the the TeV scale, and they have inspired models [161] with
phenomenology ranging from light magnetic monopoles [34] to
an anomalous muon magnetic moment [193]. They have also
provided a check on higher loop β functions [191], and raised
interesting cosmological questions [140].
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6.2 Non abelian model building
We shall present what we believe is the minimal three-family
AdS/CFT model compactified on a nonabelian orbifold S5/(Q×
Z3). Nontrivial irreps of the discrete nonabelian group Q × Z3
are identified with the 4 of SU(4) R symmetry to break all su-
persymmetries, and the scalar content of the model is sufficient
to break the gauge symmetry to the standard model. According
to the conformality hypothesis the progenitor SU(4)3×SU(2)12
theory becomes conformally invariant at an infra-red fixed point
of the renormalization group.
6.2.1 Non-Abelian non-SUSY models
For construction of quiver gauge theories from orbifolds, please
refer back again to Section 2.
It was conjectured in [14] that at least a subset of the re-
sultant nonsupersymmetric N = 0 theories are conformal even
for finite N . Some first steps to check this idea were made
in [174]. Model-building based on abelian Γ was studied fur-
ther in [175–177], arriving in [177] at an SU(3)7 model based
on Γ = Z7 which has three families of chiral fermions, a correct
value for sin2θ and a conformal scale ∼ 10 TeV.
The case of non-abelian orbifolds bases on non-abelian Γ
is somewhat more mathematically sophisticated. However, we
shall show here that it can be handled equally as systematically
as the abelian case and leads to richer structures and interesting
results.
We consider all non-abelian discrete groups of order g < 32.
These are described in detail in [180,194–198]. There are exactly
45 such non-abelian groups. Because the gauge group arrived at
by this construction [175] is ⊗iU(Ndi) where di are the dimen-
sions of the irreducible representations of Γ, one can expect to
arrive at models such as the Pati-Salam SU(4)×SU(2)×SU(2)
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type [164] by choosing N = 2 and combining two singlets and
a doublet in the 4 of SU(4). Indeed we shall show that such
an accommodation of the standard model is possible by using a
non-abelian Γ.
The procedures for building a model within such a conformal-
ity approach are: (1) Choose Γ; (2) Choose a proper embedding
Γ ⊂ SU(4) by assigning the components of the 4 of SU(4) to ir-
reps of Γ, while at the same time ensuring that the 6 of SU(4) is
real; (3) Choose N , in the gauge group ⊗iSU(Ndi). (4) Analyse
the patterns of spontaneous symmetry breaking.
In the present study we shall choose N = 2 and aim at the
gauge group SU(4)×SU(2)×SU(2). To obtain chiral fermions,
it is necessary [173] that the 4 of SU(4) be complex 4 6= 4∗.
Actually this condition is not quite sufficient to ensure chirality
in the present case because of the pseudoreality of SU(2). We
must ensure that the 4 is not just pseudoreal.
This last condition means that many of our 45 candidates for
Γ do not lead to chiral fermions. For example, Γ = Q2n ⊂ SU(2)
has irreps of appropriate dimensionalities for our purpose but it
will not sustain chiral fermions under SU(4) × SU(2)× SU(2)
because these irreps are all, like SU(2), pseudoreal.#3 Applying
the rule that 4 must be neither real nor pseudoreal leaves a
total of only 19 possible non-abelian discrete groups of order
g ≤ 31. The smallest group which avoids pseudoreality has
order g = 16 but gives only two families. The technical details of
our systematic search will be postponed to a future publication.
Here we shall present only the simplest interesting non-abelian
case which has g = 24 and gives three chiral families in a Pati-
Salam-type model [164].
Before proceeding to the details of the specific g = 24 case,
it is worth reminding the reader that the Conformal Field The-
ory (CFT) that it exemplifies should be free of all divergences,
even logarithmic ones, if the conformality conjecture is correct,
#3Note that were we using N ≥ 3 then a pseudoreal 4 would give chiral fermions.
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and be completely finite. Further the theory is originating from
a superstring theory in a higher-dimension (ten) and contains
gravity [199–214] by compactification of the higher-dimensional
graviton already contained in that superstring theory. In the
CFT as we derive it, gravity is absent because we have not kept
these graviton modes - of course, their influence on high-energy
physics experiments is generally completely negligible unless the
compactification scale is “large” [199,214]; here we shall neglect
the effects of gravity.
To motivate our model it is instructive to comment on the
choice of Γ and on the choice of embedding.
If we embed only four singlets of Γ in the 4 of SU(4) then this
has the effect of abelianizing Γ and the gauge group obtained in
the chiral sector of the theory is SU(N)q. These cases can be
interesting but have already been studied [175, 176]. Thus, we
require at least one irrep of Γ to have di ≥ 2 in the embedding.
The only Γ of order g ≤ 31 with a 4 is Z5×˜Z4 and this embed-
ding leads to a non-chiral theory. This leaves only embeddings
with two singlets and a doublet, a triplet and a singlet or two
doublets.
The third of these choices leads to richer structures for low
order Γ. Concentrating on them shows that of the chiral models
possible, those from groups of low order result in an insufficient
number (below three) of chiral families.
The first group that can lead to exactly three families occurs
at order g = 24 and is Γ = Z3 ×Q where Q(≡ Q4) is the group
of unit quarternions which is the smallest dicyclic group Q2n.
There are several potential models due to the different choices
for the 4 of SU(4) but only the case 4 = (1α, 1
′
, 2α) leads to
three families so let us describe this in some detail:
Since Q×Z3 is a direct product group, we can write the irreps
as Ri ⊗ αa where Ri is a Q irrep and αa is a Z3 irrep. We write
Q irreps as 1, 1
′
, 1
′′
, 1
′′′
, 2 while the irreps of Z3 are all singlets
which we call α, α2, α3 = 1. Thus Q × Z3 has fiveteen irreps in
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all and the gauge group will be of Pati-Salam type for N = 2.
If we wish to break all supersymmetry, the 4 may not con-
tain the trivial singlet of Γ. Due to permutational symme-
try among the singlets it is sufficiently general to choose 4 =
(1αa1, 1
′
αa2, 2αa3) with a1 6= 0.
To fix the ai we note that the scalar sector of the theory which
is generated by the 6 of SU(4) can be used as a constraint
since the 6 is required to be real. This leads to a1 + a2 =
−2a3(mod 3). Up to permutations in the chiral fermion sector
the most general choice is a1 = a3 = +1 and a2 = 0. Hence our
choice of embedding is
4 = (1α, 1
′
, 2α) (19)
with
6 = (1
′
α, 2α, 2α2, 1
′
α2) (20)
which is real as required.
We are now in a position to summarize the particle content
of the theory. The fermions are given by∑
I
4×RI (21)
where the RI are all the irreps of Γ = Q× Z3. This is:
3∑
i=1
[(21α
i, 22α
i)+(23α
i, 24α
i)+(22α
i, 21α
i)+(24α
i, 23α
i)+(4αi, 4αi)]
+
3∑
i=1
4∑
a=1
[(2aα
i, 2aα
i+1) + (2aα
i, 4αi+1) + (4¯αi, 2aα
i+1)] (22)
It is convenient to represent the chiral portions of these in a
given diagram (see Figure 1).
The scalars are given by∑
I
6×RI (23)
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and are:
3∑
i=1
3∑
j=1(j 6=i)
[(21α
i, 22α
j)+(22α
i, 21α
j)+(23α
i, 24α
j)+(24α
i, 23α
j)
(24)
+ (22α
i, 21α
i) + (24α
i, 23α
i)] (25)
+
3∑
i=1
3∑
j=1(j 6=i)
{
4∑
a=1
[(2aα
i, 4αj) + (¯4αi, 2aα
j)] + (4αi, 4¯αi)} (26)
which is easily checked to be real.
The gauge group SU(4)3 × SU(2)12 with chiral fermions of
Eq.(22) and scalars of Eq.(26) is expected to acquire confro-
mal invariance at an infra-red fixed point of the renormalization
group, as discussed in [14].
To begin our examination of the symmetry breaking we first
observe that if we break the three SU(4)s to the totally diagonal
SU(4), then chirality in the fermionic sector is lost. To avoid this
we break SU1(4) completely and then break SUα(4) × SUα2(4)
to its diagonal subgroup SUD(4). The first of these steps can
be achieved with VEVs of the form [(41, 2bα
k) + h.c.] where we
are free to choose b, but k must be 1 or 2 since there are no
(41, 2bα
k=0) scalars. The second step requires an SUD(4) singlet
VEV from (4α,4α2) and/or (4α, 4α2). Once we make a choice
for b (we take b = 4), the remaining chiral fermions are, in an
intuitive notation:
∑3
a=1
[
(2aα , 1, 4D) + (1, 2aα
−1, 4D)
]
which has the same content as as a three family Pati-Salam
model, though with a separate SUL(2)× SUR(2) per family.
To further reduce the symmetry we must arrange to break
to a single SUL(2) and a single SUR(2). This is achieved by
modifying step one where SU1(4) was broken. Consider the
block diagonal decomposition of SU1(4) into SU1L(2)×SU1R(2).
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The representations (2aα, 41) and (2aα
−1, 41) then decompose as
(2aα, 41)→ (2aα, 2, 1) + (2aα, 1, 2)
and
(2aα
−1, 41)→ (2aα−1, , 2, 1) + (2aα−1, 1, 2).
Now if we give V EV s of equal magnitude to the (2aα, , 2, 1),
a = 1, 2, 3, and equal magnitude V EV s to the (2aα
−1, 1, 2)
a = 1, 2, 3, we break SU1L(2)×
3∏
a=1
SU(2aα) to a single SUL(2)
and we break SU1R(2)×
3∏
a=1
SU(2aα) to a single SUR(2). Finally,
V EV s for (24α, 2, 1) and (24α, 1, 2) as well as (24α
−1, 2, 1) and
(24α
−1, 1, 2) insures that both SU(24α) and SU(24α−1) are bro-
ken and that only three families remain chiral. The final set of
chiral fermions is then 3[(2, 1, 4)+(1, 2, 4¯)] with gauge symmetry
SUL(2)× SUR(2)× SUD(4).
To achieve the final reduction to the standard model, an ad-
joint VEV from (4α,4α2) and/or (4α,4α2) is used to break SUD(4)
to the SU(3)×U(1), and a right handed doublet is used to break
SUR(2).
While this completes our analysis of symmetry breaking, it
is worthwhile noting the degree of constraint imposed on the
symmetry and particle content of a model as the number of
irreps NR of the discrete group Γ associated with the choice of
orbifold changes. The number of guage groups grows linearly
in NR, the number of scalar irreps grows roughly quadratically
with NR, and the chiral fermion content is highly Γ dependent.
If we require the minimal Γ that is large enough for the model
generated to contain the fermions of the standard model and
have sufficient scalars to break the symmetry to that of the
standard model, then Γ = Q × Z3 appears to be that minimal
choice [178, 180].
Although a decade ago the chances of testing string theory
seemed at best remote, recent progress has given us hope that
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such tests may indeed be possible in AdS/CFTs. The model
provided here demonstrates the standard model can be acco-
modated in these theories and suggests the possibility of a rich
spectrum of new physics just around the TeV corner.
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6.3 Non-Abelian Groups with order g ≤ 31
From any good textbook on finite groups [195–198] we may find
a tabulation of the number of finite groups as a function of the
order g, the number of elements in the group. Up to order 31
there is a total of 93 different finite groups of which slightly over
one half (48) are abelian.
Amongst finite groups, the non-abelian examples have the
advantage of non-singlet irreducible representations which can
be used to inter-relate families. Which such group to select is
based on simplicity: the minimum order and most economical
use of representations.
Let us first dispense with the abelian groups. These are all
made up from the basic unit Zp, the order p group formed from
the pth roots of unity. It is important to note that the product
Zp×Zq is identical to Zpq if and only if p and q have no common
prime factor.
If we write the prime factorization of g as:
g =
∏
i
pkii (27)
where the product is over primes, it follows that the number
Na(g) of inequivalent abelian groups of order g is given by:
Na(g) =
∏
ki
P (ki) (28)
where P (x) is the number of unordered partitions of x. For ex-
ample, for order g = 144 = 2432 the value would be Na(144) =
P (4)P (2) = 5 × 2 = 10. For g ≤ 31 it is simple to evaluate
Na(g) by inspection. Na(g) = 1 unless g contains a nontriv-
ial power (ki ≥ 2) of a prime. These exceptions are: Na(g =
4, 9, 12, 18, 20, 25, 28) = 2;Na(8, 24, 27) = 3; and Na(16) = 5.
This confirms that:
31∑
g=1
Na(g) = 48 (29)
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We do not consider the abelian cases further in this section.
Of the nonabelian finite groups, the best known are perhaps
the permutation groups SN (with N ≥ 3) of order N ! The small-
est non-abelian finite group is S3 (≡ D3), the symmetry of an
equilateral triangle with respect to all rotations in a three di-
mensional sense. This group initiates two infinite series, the
SN and the DN . Both have elementary geometrical significance
since the symmetric permutation group SN is the symmetry of
the N-plex in N dimensions while the dihedral group DN is the
symmetry of the planar N-agon in 3 dimensions. As a family
symmetry, the SN series becomes uninteresting rapidly as the
order and the dimensions of the representions increase. Only
S3 and S4 are of any interest as symmetries associated with the
particle spectrum [215], also the order (number of elements) of
the SN groups grow factorially with N. The order of the dihe-
dral groups increase only linearly with N and their irreducible
representations are all one- and two- dimensional. This is rem-
iniscent of the representations of the electroweak SU(2)L used
in Nature.
Each DN is a subgroup of O(3) and has a counterpart double
dihedral (also known as dicyclic) group Q2N , of order 4N , which
is a subgroup of the double covering SU(2) of O(3).
With only the use of DN , Q2N , SN and the tetrahedral group
T ( of order 12, the even permutations subgroup of S4 ) we find
32 of the 45 nonabelian groups up to order 31, either as simple
groups or as products of simple nonabelian groups with abelian
groups: (Note that D6 ≃ Z2 × D3, D10 ≃ Z2 × D5 and D14 ≃
Z2×D7 ) Some of these groups are firmiliar from crystalography
and chemistry, but the nonabelian groups that do not embed in
in SU(2) are less likely to have seen wide usage.
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g6 D3 ≡ S3
8 D4, Q = Q4
10 D5
12 D6, Q6, T
14 D7
16 D8, Q8, Z2 ×D4, Z2 ×Q
18 D9, Z3 ×D3
20 D10, Q10
22 D11
24 D12, Q12, Z2 ×D6, Z2 ×Q6, Z2 × T ,
Z3 ×D4, Z3 ×Q,Z4 ×D3, S4
26 D13
28 D14, Q14
30 D15, D5 × Z3, D3 × Z5
There remain thirteen others formed by twisted products of
abelian factors. Only certain such twistings are permissable,
namely (completing all g ≤ 31 )
g
16 Z2×˜Z8 (two, excluding D8), Z4×˜Z4, Z2×˜(Z2 × Z4) (two)
18 Z2×˜(Z3 × Z3)
20 Z4×˜Z5
21 Z3×˜Z7
24 Z3×˜Q,Z3×˜Z8, Z3×˜D4
27 Z9×˜Z3, Z3×˜(Z3 × Z3)
It can be shown that these thirteen exhaust the classification
of all inequivalent finite groups up to order thirty-one [198].
Of the 45 nonabelian groups, the dihedrals (DN) and double
dihedrals (Q2N), of order 2N and 4N respectively, form the sim-
plest sequences. In particular, they fall into subgroups of O(3)
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and SU(2) respectively, the two simplest nonabelian continuous
groups.
For the DN and Q2N , the multiplication tables, as derivable
from the character tables, are simple to express in general. DN ,
for odd N, has two singlet representations 1, 1
′
and m = (N −
1)/2 doublets 2(j) (1 ≤ j ≤ m). The multiplication rules are:
1
′ × 1′ = 1; 1′ × 2(j) = 2(j) (30)
2(i) × 2(j) = δij(1 + 1′) + 2(min[i+j,N−i−j]) + (1− δij)2(|i−j|) (31)
For even N, DN has four singlets 1, 1
′
, 1
′′
, 1
′′′
and (m − 1)
doublets 2(j) (1 ≤ j ≤ m−1)wherem = N/2 with multiplication
rules:
1
′ × 1′ = 1′′ × 1′′ = 1′′′ × 1′′′ = 1 (32)
1
′ × 1′′ = 1′′′; 1′′ × 1′′′ = 1′; 1′′′ × 1′ = 1′′ (33)
1
′ × 2(j) = 2(j) (34)
1
′′ × 2(j) = 1′′′ × 2(j) = 2(m−j) (35)
2(j) × 2(k) = 2|j−k| + 2(min[j+k,N−j−k]) (36)
(if k 6= j, (m− j))
2(j) × 2(j) = 2(min[2j,N−2j]) + 1 + 1′ (37)
(if j 6= m/2 )
2(j) × 2(m−j) = 2|m−2j| + 1′′ + 1′′′ (38)
(if j 6= m/2)
2m/2 × 2m/2 = 1 + 1′ + 1′′ + 1′′′ (39)
This last rule is possible only if m is even and hence if N is di-
visible by four.
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For Q2N , there are four singlets 1, 1
′
,1
′′
, 1
′′′
and (N−1) dou-
blets 2(j) (1 ≤ j ≤ (N−1)). The singlets have the multiplication
rules:
1× 1 = 1′ × 1′ = 1 (40)
1
′′ × 1′′ = 1′′′ × 1′′′ = 1′ (41)
1
′ × 1′′ = 1′′′; 1′′′ × 1′ = 1′′ (42)
for N = (2k + 1) but are identical to those for DN when N =
2k.
The products involving the 2(j) are identical to those given
for DN (N even) above.
This completes the multiplication rules for 19 of the 45 groups.
As they are not available in the literature, and somewhat tedious
to work out, we have provided the complete multiplication tables
for all the nonabelian groups with order g ≤ 31 in [180].
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Mathematical Theorem:
A Pseudoreal 4 of SU(4) Cannot Yield Chiral Fermions.
In [173] it was proved that if the embedding in SU(4) is such
that the 4 is real: 4 = 4∗, then the resultant fermions are always
non-chiral. It was implied there that the converse holds, that if
4 is complex, 4 = 4∗ , then the resulting fermions are necessarily
chiral. Actually for Γ ⊂ SU(2) one encounters the intermediate
possibility that the 4 is pseudoreal. In the present section we
shall show that if 4 is pseudoreal then the resultant fermions
are necessarily non-chiral. The converse now holds: if the 4 is
neither real nor pseudoreal then the resutant fermions are chiral.
For Γ ⊂ SU(2) it is important that the embedding be con-
tained within the chain Γ ⊂ SU(2) ⊂ SU(4) otherwise the em-
bedding is not a consistent one. One way to see the inconsistency
is to check the reality of the 6 = (4 ⊗ 4)antisymmetric. If 6 6= 6∗
then the embedding is clearly improper. To avoid this inconsis-
tency it is sufficient to include in the 4 of SU(4) only complete
irreducible representations of SU(2).
An explicit example will best illustrate this propriety con-
straint on embeddings. Let us consider Γ = Q6, the dicyclic
group of order g = 12. This group has six inequivalent irre-
ducible representations: 1, 1′, 1′′, 1′′′, 21, 22. The 1, 1′, 21 are real.
The 1′′ and 1′′′ are a complex conjugate pair, The 22 is pseudo-
real. To embed Γ = Q6 ⊂ SU(4) we must choose from the
special combinations which are complete irreducible representa-
tions of SU(2) namely 1, 2 = 22, 3 = 1
′+21 and 4 = 1′′+1′′′+22.
In this way the embedding either makes the 4 of SU(4) real e.g.
4 = 1 + 1′ + 21 and the theorem of [173] applies, and non-
chirality results, or the 4 is pseudoreal e.g. 4 = 22 + 22. In this
case one can check that the embedding is consistent because
(4 ⊗ 4)antisymmetric is real. But it is equally easy to check that
the product of this pseudoreal 4 with the complete set of irre-
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ducible representations of Q6 is again real and that the resultant
fermions are non-chiral.
The lesson is:
To obtain chiral fermions from compactification on AdS 5 ×
S5/Γ, the embedding of Γ in SU(4) must be such that the 4 of
SU(4) is neither real nor pseudoreal.
Other cases where the 4 of SU(4) is complex, but not a com-
plete irrep of SU(2) coming from Q6, and where the 6 of SU(4)
is real, are improper embeddings, but form perfectly good quiver
gauge theories (not necessarily derivable fromAdS/CFT ). These
theories may well be of phenomenological interest and are the
analogs of the non-partition models related to the abelian orb-
ifolded models. In the following we do not include these im-
proper non-abelian orbifold model in our analysis, but one should
keep them in mind as phenomenological viable gauge theories.
We will now enumerate all the possible minimal N , N = 0
chiral models for non-abelian orbifolded AdS5 × S5 and then
briefly consider breaking the resulting quiver gauge theory to
the standard model. Our analysis concentrates on symmetry
breaking via reduction to diagonal subgroups through either the
Pati-Salam group SU(4) × SU(2) × SU(2) or the trinification
gauge group SU(3)× SU(3)× SU(3) before reaching the stan-
dard model. While our list of proper ciral models is complete,
we study only a limited number of possible patters on symme-
try breaking, so our discussion should be used as a guide rather
than a compendium. There are still many unexplored avenues
for model building, both for abelian and non-abelian orbifolds.
57
Chiral Fermions for all nonabelian g ≤ 31
Looking at the full list of non-abelian discrete groups of or-
der g ≤ 31 as given explicitly in [194] we see that of the 45 such
groups 32 are simple groups or semi-direct products thereof;
these 32 are listed in the Table on page 4691 of [194], and re-
produced in section 6.3 above. The remaining 13 are formed as
semi-direct product groups (SDPGs) and are listed in the Table
on page 4692 of [194] and in section 6.3. We shall follow closely
this classification.
Using the pseudoreality considerations of the previous sec-
tion, we can pare down the full list of 45 to only 19 which include
13 SDPGs. The lowest order nonabelian group Γ which can lead
to chiral fermions is g = 16. The only possible orders g ≤ 31
are the seven values: g = 16(5[5SDPGs]), 18(2[1SDPG]),
20(1[1SDPG]), 21(1[1SDPG]), 24(6[3SDPGs])
27(2[2SDPGs]), and 30(2[0SDPG]).
In parenthesis are the number of groups at order g and the
number of these that are SDPGS is in square brackets; they
add to (19[13 SDPGs]). We shall proceed with the analysis
systematically, in progressively increasing magnitude of g.
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6.4 N = 0 non-Abelian models
g = 16.
The non-pseudoreal groups number five, and all are SDPGs. In
the notation of Thomas and Wood [195], which we shall follow
for definiteness, they are: 16/8, 9, 10, 11, 13. We now treat these
in the order they are enumerated by Thomas and Wood. Again,
the relevant multiplication tables are collected in Appendix A
of [180].
Group 16/8; also designated (Z4 × Z2)×˜Z2.
This group has eight singlets 11, 12, ......, 18 and two doublets 21
and 22. In the embedding of 16/8 in SU(4) we must avoid the
singlet 11 otherwise there will be a residual supersymmetry with
N ≥ 1. Consider the embedding defined by 4 = (21, 21). To find
the surviving chiral fermions we need to product the 4 with all
ten of the irreps of 16/8. This results in the table:
11 12 13 14 15 16 17 18 21 22
11 ××
12 ××
13 ××
14 ××
15 ××
16 ××
17 ××
18 ××
21 ×× ×× ×× ××
22 ×× ×× ×× ××
If we choose N = 2, the gauge group is SU(2)8×SU(4)2, and
the entries in the table correspond to bifundamental representa-
tions of this group (e.g., the entry nearest the top right corner at
the position (11, 21) is the representation 2(2, 1, 1, 1, 1, 1, 1, 1; 4¯, 1)).
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If we identify the diagonal subgroup of the first four SU(2)s as
SU(2)L, of the second four as SU(2)R and of the two SU(4) as
color SU(4) the result is non-chiral due to the lack of symmetry
about the main diagonal of the above table.
On the other hand, if we identify 41 with 4¯2 there are poten-
tially eight chiral families:
8[(2, 1, 4) + (1, 2, 4¯)] (43)
under SU(2)L × SU(2)R × SU(4). This is the maximum total
chirality for this orbifold, but as we will see below, the allowed
chiral at any stage is as usual determined by spontaneous sym-
metry breaking (SSB) generated in the scalar sector. In this
section we give the maximum chirality for each orbifold, in the
next section we study SSB for those models with sufficient chi-
rality too accomodate at least three families.
Because 21 = 2
∗
2 form a complex conjugate pair, the embed-
ding 4 = (21, 22) is pseudoreal 4 ≡ 4∗ and the fermions are
non-chiral as easily confirmed by the resultant table:
11 12 13 14 15 16 17 18 21 22
11 × ×
12 × ×
13 × ×
14 × ×
15 × ×
16 × ×
17 × ×
18 × ×
21 × × × × × × × ×
22 × × × × × × × ×
For this embedding, the result is non-chiral for either of the cases
41 ≡ 42 or 41 ≡ 4¯2. (In the future, we shall not even consider
such trivially real or pseudo-real non-chiral embeddings).
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Finally, for 16/8, consider the embedding 4 = (12, 15, 21). (In
general there will be many equivalent embeddings. We will give
one member of each equivalence class. Cases that are obviously
nonchiral (vectorlike) will, in general, be ignored, except for a
few instructive examples at orders 16 and 18.) The table is now:
11 12 13 14 15 16 17 18 21 22
11 × × ×
12 × × ×
13 × × ×
14 × × ×
15 × × ×
16 × × ×
17 × × ×
18 × × ×
21 × × × × × ×
22 × × × × × ×
which is chiral.
These examples of embeddings for Γ = 16/8 show clearly how
the number of chiral families depends critically on the choice
of embedding Γ ⊂ SU(4). To actual achieve a model with a
viable phenomenologically, we must study the possible routes
through SSB for each chiral model. This we postpone until we
have found all models of potential interest.
Group 16/9; also designated [(Z4 × Z2)×˜Z2]′
This group has irreps which comprise eight singlets 11, ..., 18 and
two doublets 21, 22. With the embedding 4 = (21, 22) and using
the multiplication table from Appendix A of [180] we arrive at
the table of fermion bilinears:
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11 12 13 14 15 16 17 18 21 22
11 ××
12 ××
13 ××
14 ××
15 ××
16 ××
17 ××
18 ××
21 ×× ×× ×× ××
22 ×× ×× ×× ××
This is non-chiral and has no families. This was the only
potentially chiral embedding. In what follows, nonchiral models
will not be displayed, however, as the unification scale can be
rather low in AdS/CFT models, it would also be interesting to
investigate vectorlike models of this class.
Group 16/10; also designated Z4×˜Z4
The multiplication table is identical to that for 16/9, as men-
tioned in Appendix A of [180]; thus the model building for 16/10
is also identical to 16/9 and merits no additional discussion.
Group 16/11; also designated Z8×˜Z2
Again there are eight singlets and two doublets. The singlets
11,3,5,7 are real while the other singlets fall into two conjugate
pairs: 12 = 1
∗
4 and 16 = 1
∗
8. The doublets are complex: 21 = 2
∗
2.
The multiplication table includes the products: 11,3,5,7×21,2 =
21,2 and 12,4,6,8 × 21,2 = 22,1. Also 21 × 21 = 22 × 22 = 12 + 14 +
16 + 18, while 21 × 22 = 11 + 13 + 15 + 17.
This means that there are no interesting (legitimate and chi-
ral) embeddings of the type 1+1+2 or 2+2.
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Upon choosing N = 3, the most chiral possibility is the em-
bedding 4 = (12, 12, 12, 12) which leads to the fermions in the
following table. In this table, (×)6 ≡ (××××××).
11 12 13 14 15 16 17 18 21 22
11 (×)6
12 (×)6
13 (×)6
14 (×)6
15 (×)6
16 (×)6
17 (×)6
18 (×)6
21 (×)6
22 (×)6
This gives rise to twelve chiral families if we identify N = 3 and
31 = 34 = 35 = 38, 32 = 36 and 33 = 37. Under SU(3)
3 the
chiral fermions are:
12[(3, 3¯, 1) + (1, 3, 3¯) + (3¯, 3, 1)] (44)
together with real non-chiral representations. When we discuss
spontaneous symmetry breaking, we will see if this type of uni-
fication is possible.
With the different embedding 4 = (12, 12, 12, 14) the model changes
to a less chiral but still interesting fermion configuration:
11 12 13 14 15 16 17 18 21 22
11 ××× ×
12 × ×××
13 × ×××
14 ××× ×
15 ××× ×
16 × ×××
17 × ×××
18 ××× ×
21 ××××
22 ××××
If we can identify SU(3)′s as 31 ≡ 34 ≡ 35 ≡ 38, 32 ≡ 36 and
33 ≡ 37 this embedding give just four chiral families:
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4[(3, 3¯, 1) + (1, 3, 3¯) + (3¯, 3, 1)] (45)
under SU(3)3 together with real representations.
To check consistency, we have verified that real and legitimate
embeddings for 16/11 like: 4 = (13, 13, 13, 13) and 4 = (21, 22)
give no chiral fermions.
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Group 16/13; also designated [Z8×˜Z2]′′
Of the five non-pseudoreal g = 16 nonabelian Γ, 16/13 is unique
in having only four inequivalent singlets 11, 12, 13, 14 but three
doublets 21, 22, 23.
All the four singlet are real 1i = 1
∗
i . The three doublets
comprise a conjugate complex pair 21 = 2
∗
3 6= 2∗1 and the real
22 = 2
∗
2.
With the embedding 4 = (13, 14, 21) the resultant model has
a chiral fermion quiver corresponding to the Table:
11 12 13 14 21 22 23
11 × × ×
12 × × ×
13 × × ×
14 × × ×
21 × × × × ×
22 × ×× ×
23 × × × × ×
Here and in the following, unless otherwise specified, we let N =
2. If we identify SU(2)L with the diagonal subgroup of the first
and fourth SU(2)s, and SU(2)R with the diagonal subgroup of
the 2nd and 3rd, then there are four chiral families if we embed
41 ≡ 4¯3 and break SU(4)2 completely.
Again consider 16/13 but now with 4 = (21, 21). The table
becomes:
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11 12 13 14 21 22 23
11 ××
12 ××
13 ××
14 ××
21 ×× ×× ××
22 ×× ××
23 ×× ×× ××
With 41 ≡ 4¯3 there are eight chiral families.
A similar result occurs, of course, for 4 = (23, 23). But the
embedding 4 = (21, 23) is non-chiral, leading to the symmetric
fermion quiver/table:
11 12 13 14 21 22 23
11 × ×
12 × ×
13 × ×
14 × ×
21 × × × × ××
22 ×× ××
23 × × × × ××
This arrangement is manifestly non-chiral because of the sym-
metry of the table. Even though 21 and 23 are complex, 21 = 2
∗
3,
so 4∗ = (21, 23)∗ = (23, 21). We can rotate this within SU(4) to
4 = (21, 23). Therefore, the 4 is pseudoreal and the fermions are
vectorlike as expected.
The embedding 4 = (22, 22) in 16/13 gives rise to the table:
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11 12 13 14 21 22 23
11 ××
12 ××
13 ××
14 ××
21 ×× ××
22 ×× ×× ×× ××
23 ×× ××
This embedding leads to no chirality and zero families.
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Finally, the embedding 4 = (21, 22) of 16/13 leads to the inter-
mediate situation:
11 12 13 14 21 22 23
11 × ×
12 × ×
13 × ×
14 × ×
21 × × × × ×
22 × × × × × ×
23 × × × × ×
This give rise to four chiral families with the identification 41 ≡
4¯3.
To summarize the “double doublet” embeddings 4 = (2i, 2j)
of 16/13: for the equivalent embeddings (i, j) = (1, 1) or (3,
3), there are up to eight chiral families; for the other mutually
equivalent cases (i, j) = (1, 2), (3, 2), (2, 3), or (2, 1) there are
up to four chiral families and finally for the pseudoreal cases (i,
j) = (1, 3), (3, 1) and the real case (2, 2) there are, because of
the mathematical theorem (and as we have now easily verified
by direct calculation) no chiral fermions.
68
g = 18.
Here the non-pseudoreal groups number two, and one is an
SDPG. In the notation of Thomas and Wood [195] they are:
18/3, 5. So we now treat these in the order they are enumerated
by Thomas and Wood.
Group 18/3; also designated D3 × Z3
This group has irreps which fall into six singlets 1, 1
′
, 1α, 1
′
α, 1α2, 1
′
α2
and three doublets 2, 2α, 2α2. Using the D3 multiplication table
from appendix A of [180] the embedding 4 = (1α, 1
′
, 2α) yields
the table:
1 1
′
2 1α 1
′
α 2α 1α2 1
′
α2 2α2
1 × × ×
1
′ × × ×
2 × × × ××
1α × × ×
1
′
α × × ×
2α × × × ××
1α2 × × ×
1
′
α2 × × ×
2α2 × × ×× ×
Identifying SU(2)L,R with the diagonal subgroups of respectively
SU(2)3 × SU(2)4 and SU(2)5 × SU(2)6 gives rise to two chiral
families when it is assumed that SU(2)1,2 and SU(4)1,2 are bro-
ken.
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Group 18/5; also designated (Z3 × Z3)×˜Z2
This group has two singlets 1, 1
′
and four doublets 21, 22, 23, 24.
Using the multiplication table from [180] we compute the mod-
els corresponding to the three inequivalent embeddings 4 =
(1
′
, 1
′
, 21), 4 = (21, 21) and 4 = (21, 22).
For 4 = (1
′
, 1
′
, 21) the table is:
1 1
′
21 22 23 24
1 ×× ×
1
′ ×× ×
21 × × ×××
22 ×× × ×
23 × ×× ×
24 × × ××
This model is manifestly non-chiral due to the symmetry of the
table.
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For 4 = (21, 21) the table is:
1 1
′
21 22 23 24
1 ××
1
′ ××
21 ×× ×× ××
22 ×× ××
23 ×× ××
24 ×× ××
This model is also manifestly non-chiral due to the symmetry of
the table.
For 4 = (21, 22) the table is:
1 1
′
21 22 23 24
1 × ×
1
′ × ×
21 × × × × ×
22 × × × × ×
23 × × ××
24 × × ××
Again, this model is manifestly non-chiral. 18/5 does not lend
itself to chirality. This is easy to understand when one realizes
that all of the irreducible representations of 18/5 are individually
either real or pseudoreal [195] making a complex embedding of
4 impossible.
71
g = 20.
One non-pseudoreal group, an SDPG. In the notation of Thomas
and Wood [195] it is 20/5.
Group 20/5; also designated Z5×˜Z4
The group has four singlets 11, 12, 13, 14 and a 4. The singlets
11, 13 are real and the other two form a complex conjugate pair
12 = 1
∗
4. The 6 which is the antisymmetric product 6 = (4× 4)a
must be real for a legitimate embedding. The two inequivalent
choices, bearing in mind the multiplication table provided in the
Appendix of [180] are 4 = (12, 12, 12, 12) and 4 = (12, 12, 12, 14).
The first 4 = (12, 12, 12, 12) yields the chiral fermions in the
following table:
11 12 13 14 4
11 ××××
12 ××××
13 ××××
14 ××××
4 ×××××
PuttingN = 3 this embedding gives four chiral families when we
identify SU(3)3 ≡ SU(3)4 and drop real representations, giving:
4[(3, 3¯, 1) + (1, 3, 3¯) + (3¯, 1, 3)] (46)
under SU(3) × SU(3) × SU(3). The chiral sector of this 20/5
nonabelian orbifold coincides with a Z4 orbifold.
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11 12 13 14 4
11 ××× ×
12 × ×××
13 × ×××
14 ××× ×
4 ×××××
Identifying SU(3)3 ≡ SU(3)4 as before for N = 3 this is less
chiral and gives rise to just two chiral families.
4[(3, 3¯, 1) + (1, 3, 3¯) + (3¯, 1, 3)] (47)
under SU(3)× SU(3)× SU(3).
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g = 21.
One non-pseudoreal group, an SDPG. In the notation of Thomas
and Wood [195] it is: 21/2.
Group 21/2; also designated Z7×˜Z3
This group has irreps which comprise three singlets 11, 12, 13
and two triplets 31, 32. With the embedding 4 = (12, 31) (recall
that 11 must be avoided to obtainN = 0), the resultant fermions
are given by:
11 12 13 31 32
11 × ×
12 × ×
13 × ×
31 ×× ××
32 × × × × ××
Putting N = 2, the gauge group is SU(2)3×SU(6)2. Clearly
the model is chiral as seen in the asymmetry of the table. For ex-
ample, put SU(2)L ≡ SU(2)1, SU(2)R ≡ SU(2)2, break SU(2)3
entirely and break SU(6)2 such that 61 → 4, 62 → 4¯, to find
two chiral families.
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g = 24.
The non-pseudoreal groups number six, and three are SDPGs.
In the notation of Thomas andWood [195] they are: 24/7, 8, 9, 13, 14, 15.
We now treat these in the order they are enumerated by Thomas
and Wood.
Group 24/7; also designated D4 × Z3
This has twelve singlets 11α
i, 12α
i, 13α
i, 14α
i (i = 0 - 2) and three
doublets 2αi (i = 0 - 2); here α = exp(iπ/3). The embedding
4 = (11α, 12, 2α) was studied in detail in [178] where it was
shown how it can lead to precisely three chiral families in the
standard model.
For completeness we include the table for the chiral fermions
(it was presented in a different equivalent way in [178]):
11 12 13 14 2 11α 12α 13α 14α 2α 11α2 12α2 13α2 14α2 2α2
11 × × ×
12 × × ×
13 × × ×
14 × × ×
2 × × × × × ×
11α × × ×
12α × × ×
13α × × ×
14α × × ×
2α × × × × × ×
11α2 × × ×
12α2 × × ×
13α2 × × ×
14α2 × × ×
2α2 × × × × × ×
By identifying SU(4) with the diagonal subgroup of SU(4)2,3,
breaking SU(4)1 to SU(2)
′
L× SU(2)
′
R, then identifying SU(2)L
with the diagonal subgroup of SU(2)6,7,8 and SU(2)
′
L and SU(2)R
with the diagonal subgroup of SU(2)10,11,12 and SU(2)
′
R then
leads to a three-family model as explained in [178].
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It is convenient to represent the chiral fermions in a quiver
diagram. This model is especially interesting because, uniquely
among the large number of models examined in this study, the
prescribed scalars are sufficient to break the gauge symmetry to
that of the standard model.
Group 24/8; also designated Q× Z3
The multiplication tables of D4 and Q and hence the multipli-
cation tables of 24/7 and 24/8 are identical. Model building
for 24/8 is therefore the same as 24/7 and merits no additional
discussion.
Group 24/9; also designated D3 × Z4
This group generates one of the richest sets of chiral model
in the class of models discussed in this paper. The group has as
irreps eight singlets (11α
j, 12α
j) and four doublets 2αj (j = 0, 1,
2, 3), where α = exp(iπ/4).
The embedding 4 = (11α
a1, 12α
a2, 2αa3) must satisfy a1 6= 0 (for
N = 0) and a1 + a2 = −2a3 (mod 4) (to ensure reality of 6 =
(4 × 4)a). There are several interesting possibilities including:
(11α, 12α, 2α)), (11α, 12α
3, 2α2)), (11α
2, 12, 2α
3)), (11α
2, 12, 2α)),
and (11α
2, 12α
2, 2)). The third and fourth cases are equivalent
as can be seen by letting α go to α−1, and the last case has only
real fermions since α2 = −1.
The fermions for 4 = (1
1
α2, 12α
2, 2) are vectorlike.
Moving on to 24/9 with 4 = (1
1
α, 12α
3, 2α2) we find the
fermions are chiral and fall into the irrep:
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11 12 2 11α 12α 2α 11α
2 12α
2 2α2 11α
3 12α
3 2α3
11 × × ×
12 × × ×
2 × × × × ×
11α × × ×
12α × × ×
2α × × × × ×
11α
2 × × ×
12α
2 × × ×
2α2 × × × × ×
11α
3 × × ×
11α
3 × × ×
2α3 × × × × ×
With the embedding 4 = (11α, 12α, 2α) the chiral fermions are:
11 12 2 11α 12α 2α 11α
2 12α
2 2α2 11α
3 12α
3 2α3
11 × × ×
12 × × ×
2 × × ×××
11α × × ×
12α × × ×
2α × × ×××
11α
2 × × ×
12α
2 × × ×
2α2 × × ×××
11α
3 × × ×
12α
3 × × ×
2α3 × × ×××
Identifying SU(2)L with the diagonal subgroup of SU(2)1,2,3,4,
SU(2)R with the diagonal subgroup of SU(2)5,6,7,8 and the 4 of
SU(4) with the 4 of SU(4)2,3 and the 4¯ of SU(4)1,4 leads to
eight chiral families.
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Taking the embedding 4 = (11α
2, 12, 2α) gives as chiral fermions:
11 12 2 11α 12α 2α 11α
2 12α
2 2α2 11α
3 12α
3 2α3
11 × × ×
12 × × ×
2 × × × × ×
11α × × ×
12α × × ×
2α × × × × ×
11α
2 × × ×
12α
2 × × ×
2α2 × × × × ×
11α
3 × × ×
12α
3 × × ×
2α3 × × × × ×
We identify SU(2)L, SU(2)R with the diagonal subgroups of
SU(2)1,2 and SU(2)3,4, respectively and break completely SU(2)5,6,7,8.
The generalized color embedding 4 ≡ 41 ≡ 42 ≡ 4¯3 ≡ 4¯4 leads
to four chiral families. This can be reduced to three families by
further symmetry breaking.
An even more interesting embedding for 24/9 is to set 4 =
(2α, 2α) which gives a real 6 as required (since α2 = −1 is real).
The table for fermions is:
11 12 2 11α 12α 2α 11α
2 12α
2 2α2 11α
3 12α
3 2α3
11 ××
12 ××
2 ×× ×× ××
11α ××
12α ××
2α ×× ×× ××
11α
2 ××
12α
2 ××
2α2 ×× ×× ××
11α
3 ××
12α
3 ××
2α3 ×× ×× ××
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Identifying SU(2)L with the diagonal subgroup of SU(2)1,3,5,7,
SU(2)R with the diagonal subgroup of SU(2)2,4,6,8, breaking
SU(4)1,3 and keeping the unbroken SU(4) which is the diagonal
subgroup of SU(4)2,4 gives rise to eight chiral families:
8[(2, 1, 4¯) + (1, 2, 4)] (48)
The possibility of achieving the relevant symmetry breaking
will be examined below.
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Group 24/13; also designated Q×˜Z3
This group has three singlets 11, 12, 13, three doublets 21, 22, 23
and one triplet 3. For N = 2 the gauge group is therefore
SU(2)3 × SU(4)3 × SU(6).
With the embedding 4 = (21, 22) the chiral fermions are:
11 12 13 21 22 23 3
11 × ×
12 × ×
13 × ×
21 × × ××
22 × × ××
23 × × ××
3 ×× ×× ××
If we identify SU(2)L ≡ SU(2)3, SU(2)R ≡ SU(2)2, and break
SU(2)1 there are two chiral families for 4 ≡ 41 ≡ 4¯2 ≡ 4¯3.
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If, instead, we embed 4 = (22, 23) the fermions fall according to
the following table:
11 12 13 21 22 23 3
11 × ×
12 × ×
13 × ×
21 × × ××
22 × × ××
23 × × ××
3 ×× ×× ××
This model is manifestly non-chiral because of the total symme-
try of the table.
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Group 24/14; also designated Z8×˜Z3
There are eight singlets and four doublets, with multiplication
table as in [180]. With the embedding 4 = (22, 24) one arrives
at the fermions:
11 12 13 14 15 16 17 18 21 22 23 24
11 × ×
12 × ×
13 × ×
14 × ×
15 × ×
16 × ×
17 × ×
18 × ×
21 × × × × × ×
22 × × × × × ×
23 × × × × × ×
24 × × × × × ×
This arrangement has zero families.
A chiral embedding is 4 = (21, 22) giving rise to the fermions:
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11 12 13 14 15 16 17 18 21 22 23 24
11 × ×
12 × ×
13 × ×
14 × ×
15 × ×
16 × ×
17 × ×
18 × ×
21 × × × × × ×
22 × × × × × ×
23 × × × × × ×
24 × × × × × ×
If we identify SU(2)L as the diagonal subgroup of SU(2)1,2,5,6
and SU(2)R as the diagonal subgroup of SU(2)3,4,7,8, then iden-
tify the 4 of SU(4) with the 4 of SU(4)2,3 and the 4¯ of SU(4)1,4,
this model has eight chiral families under SU(2)L × SU(2)R ×
SU(4).
Group 24/15; also designated D4×˜Z3
The group 24/15 has nine inequivalent irreducible representa-
tions, four singlets and five doublets.
With the embedding 4 = (23, 25), the fermion table is:
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11 12 13 14 21 22 23 24 25
11 × ×
12 × ×
13 × ×
14 × ×
21 × ×× ×
22 ×× × ×
23 × × ×× ×
24 × × × ××
25 × × × × × ×
Identifying SU(2)L ≡ SU(2)1,3 and SU(2)R ≡ SU(2)2,4 gives
rise to two chiral families.
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Another chiral embedding is 4 = (12, 13, 23) which gives the
chiral fermions:
11 12 13 14 21 22 23 24 25
11 × × ×
12 × × ×
13 × × ×
14 × × ×
21 × × × ×
22 × × × ×
23 × × × × ×
24 × × × × ×
25 × × ××
Identifying SU(2)L with the diagonal subgroup of 11 and 13,
SU(2)R with 12 and 14, and then identifying 23 = 4 and 24 = 4¯
and finally breaking the other three SU(4)’s gives rise to six
chiral families.
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As an alternative 24/15 model we can embed 4 = (23, 23) and
obtain:
11 12 13 14 21 22 23 24 25
11 ××
12 ××
13 ××
14 ××
21 ×× ××
22 ×× ××
23 ×× ×× ××
24 ×× ×× ××
25 ×× ××
With SU(2)L, SU(2)R as diagonal subgroups of SU(2)1×SU(2)3
and SU(2)2×SU(2)4 respectively, and breaking completely SU(4)4,
this leads to four chiral families.
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g = 27.
The non-pseudoreal groups number two and both are SDPGs.
In the notation of Thomas and Wood [195] they are: 27/4, 5. So
we now treat these in the order they are enumerated by Thomas
and Wood.
Group 27/4; also designated Z9×˜Z3
27/4 has nine singlet 11, ...., 19 and two triplet 31, 32 irreducible
representations.
We may choose the embedding 4 = (12, 31). The chiral fermions
are:
11 12 13 14 15 16 17 18 19 31 32
11 × ×
12 × ×
13 × ×
14 × ×
15 × ×
16 × ×
17 × ×
18 × ×
19 × ×
31 × ×××
32 × × × × × × × × × ×
Putting N = 2, the gauge group is SU(2)9 × SU(6)1 × SU(6)2
and the chiral fermions are, from the above table:
(
i=9∑
i=1
2i, 6¯1) + (61, 6¯1 + 3(6¯2)) + (62,
i=9∑
i=1
2i) + (62, 6¯2) (49)
Though asymmetric in representations, this result is anomaly-
free with respect to both SU(6)1 and SU(6)2.
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Group 27/5; also designated (Z3 × Z3)×˜Z3
The multiplication tables, and hence the model-building, are
identical for 27/4 and 27/5. The group 27/5 merits no further
separate discussion.
88
g = 30.
The non-pseudoreal groups number two, and neither is an SDPG.
In the notation of Thomas and Wood [195], they are: 30/2, 3.
We treat these in the order they are enumerated by Thomas and
Wood.
Group 30/2; also designated D5 × Z3
30/2 has six singlets 1αi, 1
′
αi and six doublets 2αi, 2
′
αi with
α = exp(iπ/3) and i = 0, 1, 2.
Choosing 4 = (1α, 1
′
, 2α) yields as fermions:
1 1
′
2 2
′
α 1α 1
′
α 2α 2
′
α 1α2 1
′
α2 2α2 2
′
α2
1 × × ×
1
′ × × ×
2 × × × × ×
2
′ × × ××
1α × × ×
1
′
α × × ×
2α × × × × ×
2
′
α × × ××
1α2 × × ×
1
′
α2 × × ×
2α2 × × × × ×
2
′
α2 × ×× ×
Identify SU(2)L with the diagonal subgroup of SU(2)1×SU(2)2
(associated with 1, 1
′
) and SU(2)R with the diagonal subgroup of
SU(2)5 × SU(2)6 (associated with 1α2, 1′α2); break the SU(4)s
associated with 2, 2α2 to arrive at two chiral families.
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Group 30/3; also designated D3 × Z5
This group has irreps which comprise ten singlets and five dou-
blets and yields, for N = 2, the gauge group SU(2)10× SU(4)5.
As we have encountered for groups D3 × Zp (with g = 6p) the
embedding 4 = (1αa1, 1
′
αa2, 2αa3) must satisfy a1 + a2 = −2a3
(mod p) for consistency, as well as a1 6= 0 to ensure N = 0.
There are several interesting such examples, one of which is 4 =
(1α, 1
′
, 2α2) which gives as fermions:
1 1
′
2 1α 1
′
α 2α 1α2 1
′
α2 2α2 1α3 1
′
α3 2α3 1α4 1
′
α4 2α4
1 × × ×
1
′
× × ×
2 × × × × ×
1α × × ×
1
′
α × × ×
2α × × × × ×
1α2 × × ×
1
′
α2 × × ×
2α2 × × × × ×
1α3 × × ×
1
′
α3 × × ×
2α3 × × × × ×
1α4 × × ×
1
′
α4 × × ×
2α4 × × × × ×
In an obvious notation, the chiral fermions are:
(21 + 22, 4¯3 + 44) + (23 + 24, 4¯4 + 45) + (25 + 26, 4¯5 + 41)
+(27 + 28, 4¯1 + 42) + (29 + 210, 4¯2 + 43) (50)
By identifying, for example (there are equivalent cyclic permu-
tations) SU(2)L as the diagonal subgroup of SU(2)1×SU(2)2×
SU(2)7×SU(2)8, SU(2)R as the diagonal subgroup of SU(2)5×
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SU(2)6 × SU(2)9 × SU(2)10, generalized color SU(4) as the di-
agonal subgroup of SU(4)1 × SU(4)3, and breaking completely
SU(4)2,4,5 give rise to four chiral families.
We can examine the infinite seriesD3×Zp for p ≥ 3 (as necessary
for non-pseudoreality). The order is g = 6p. By generalizing the
above discussions of 18/3 (D3 × Z3), 24/9 (D3 × Z4) and 30/3
(D3 × Z5) we find that with the same type of embedding one
arrives at a maximal number of 2[p] chiral families where [x] is
the largest integer not greater than x. For example, with p =
3, 4, 5, 6, 7, 8, 9, 10,.... one obtains 2, 4, 4, 6, 6, 8, 8, 10....
chiral families resspectively. This is an example of accessing
the more difficult nonabelian Γ with g ≥ 32 at least for orders
g = 6p ≥ 36.
That completes the analysis of the occurrence of chiral fermions
for Γ with g ≤ 31. For the cases where there are ≥ 3 chiral
families, it remains to check whether the spectrum of complex
scalars is sufficient to allow spontaneous symmetry breaking to
the Standard Model gauge group.
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6.5 The Scalar Sector
In order to carry out the spontaneous symmetry breaking (SSB)
in the chiral models we found in the last section, we must first
extract the scalar sector from eq. (5), where the 6 is gotten
from the embedding of (4× 4)A which in turn follows from the
embedding of the 4. We only consider models of phenomeno-
logical interest, i.e., those which potentially have three or more
families, but preferably three. With this perspective in mind we
first collect the models, they are:
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16/8 with 4 = (21, 21) and χ = 2
8 with N = 2.
16/8 with 4 = (12, 15, 21) and χ = 2
7 with N = 2.
16/11 with 4 = (12, 12, 12, 12) and χ = 432 with N = 3.
16/11 with 4 = (12, 12, 12, 14) and χ = 216 with N = 3.
16/13 with 4 = (13, 14, 21) and χ = 2
6 with N = 2.
16/13 with 4 = (21, 22) and χ = 2
6 with N = 2
16/13 with 4 = (21, 21) and χ = 2
7 with N = 2.
18/3 with 4 = (1α, 1′, 2α) and χ = 192 with N = 2.
20/5 with 4 = (12, 12, 12, 12) and χ = 144 with N = 3.
20/5 with 4 = (12, 12, 12, 14) and χ = 72 with N = 3.
21/2 with 4 = (12, 31) and χ = 108 with N = 2.
24/7 with 4 = (1α, 1′, 2α) and χ = 240 with N = 2.
24/9 with 4 = (11α, 12α
3, 2α2) and χ = 320 with N = 2.
24/9 with 4 = (11α, 12α, 2α) and χ = 320 with N = 2.
24/9 with 4 = (11α
2, 12, 2α) and χ = 192 with N = 2.
24/9 with 4 = (2α, 2α) and χ = 384 with N = 2.
24/13 with 4 = (21, 22) and χ = 48 with N = 2.
24/14 with 4 = (21, 22) and χ = 192 with N = 2.
24/15 with 4 = (12, 13, 23) and χ = 2
7 with N = 2.
24/15 with 4 = (23, 25) and χ = 2
7 with N = 2.
24/15 with 4 = (23, 23) and χ = 2
8 with N = 2.
27/4 with 4 = (12, 31) and χ = 324 with N = 2.
30/2 with 4 = (1α, 1′, 2α) and χ = 336 with N = 2.
30/3 with 4 = (1α, 1′, 2α2) and χ = 320 with N = 2.
where χ counts chirality, see below.
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First we consider 16/8 with 4 = (12, 12, 21), where we have
included this example to demonstrate improper embedding. This
representation is complex and would be expected to lead to chi-
ral fermions, but 6 = (4×4)A = 11+2(21+21)+(15+16+17+
18)A is complex (for any choice of singlet in the last parentheti-
cal expression), and therefore the embedding 4 = (12, 12, 21) is
improper and we need not consider this or other such models
further.
Let us define the chirality measure χ of a model as the number
of chiral fermion states. This variable applies to any irreps and
provides a somewhat finer measure of chirality than the number
of families. As spontaneous symmetry breaking (SSB) proceeds,
χ decreased (except under unusual circumstances). For instance,
the standard model and minimal SU(5) both have χ = 45 ini-
tially. By the time the symmetry is broken to SU(3)×UEM(1),
χ = 3 since the neutrino’s cannot acquire mass due to global
B − L symmetry. On the other hand, three family SO(10) and
E6 models start with χ = 48 and χ = 81 respectively, but both
break to χ = 0.
In model building with AdS/CFT s we are faced with a num-
ber of choices. if we require the initial model be chiral before
SSB, then we need χ ≥ 45 initially. However, since the scale
of SSB MAdS in these models can be relatively low (few 10s of
TeV ), vector like models are more appealing than usual, and
we could allow an initial χ = 0 without resorting to incredibly
detailed fine tunings. Our prejudice is to still require a chiral
model with χ ≥ 45 initially in order to gain some control in
model building, but we want to make it clear that, even though
we have not displayed them explicitly, the entire class of vector-
like model based on the nonabelian orbifold classification given
here would be worthy of detailed study. There are also models
(chiral or vectorlike) that break from GAdS to SU(3)× UEM(1)
but without going through SU(3)× SU(2)× U(1) directly. As
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MAdS may be not far above MZ , there may be models in this
class that could be in agreement with current data, but again
we restrict most of our discussion to chiral models that break
through the standard model. What is encouraging is the fact
that orbifold AdS/CFTs provide such a wealth of potentially
interesting models.
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We now begin a relatively systematic study of the scalar sec-
tors of the chiral models.
16/8 with 4 = (21, 21). Here 6 = 3(15)+16+17+18 which
is real so the embedding is proper and the scalar sector is:
⊗ 11 12 13 14 15 16 17 18 2 2′
11 ××× × × ×
12 × × × ×
13 × × × ×
14 × × × ×××
15 ××× × × ×
16 × × × ×
17 × × × ×
18 × × × ×××
2
×××
×××
2′
×××
×××
16/8 with 4 = (12, 14+i, 21) and 6 = (1x(i), 2, 2
′, (15 + 16 + 17 + 18)A)
where x = 6, 5, 8, or 7 for i = 1, 2, 3, 4. The fermionic sec-
tors of these models are identical up to permutation, but there
are two potential types of scalar sectors, depending on whether
1x(i) is the same as or different from the antisymmetric product
(21 × 21)A . Let us relabel the singlets so (21 × 21)A = 16, and
then choose 1x(i) to be either 15 or 16. Now the two inequivalent
scalar sectors (In this instance, it is easier to analyse both mod-
els and show that neither phenomenology is interesting, rather
than untangle the correct antisymmetric singlet in (21 × 21)A.
See the next section.) are:
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⊗ 11 12 13 14 15 16 17 18 2 2′
11 ×(5) (6) × ×
12 (6) ×(5) × ×
13 ×(5) (6) × ×
14 (6) ×(5) × ×
15 ×(5) (6) × ×
16 (6) ×(5) × ×
17 ×(5) (6) × ×
18 (6) ×(5) × ×
2 × × × × × × × × ××
2′ × × × × × × × × ××
where(5) is replaced by an ”× ” and (6) by a blank if 1x(i) = 15
and vice versa if 1x(i) = 16.
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For 16/11 with 4 = (12, 12, 12, 12) and 6 = (13, 13, 13, 13, 13, 13)
the scalars are:
⊗ 11 12 13 14 15 16 17 18 2 2′
11 (×)6
12 (×)6
13 (×)6
14 (×)6
15 (×)6
16 (×)6
17 (×)6
18 (×)6
2 (×)6
2′ (×)6
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Similarly, for 16/11 with 4 = (12, 12, 12, 14) and 6 = (11, 11, 11, 13, 13, 13 )
we find the scalars:
⊗ 11 12 13 14 15 16 17 18 2 2′
11 (×)3 (×)3
12 (×)6
13 (×)3 (×)3
14 (×)6
15 (×)3 (×)3
16 (×)6
17 (×)3 (×)3
18 (×)6
2 (×)6
2′ (×)6
Next, 16/13 with 4 = (13, 14, 21) and 6 = (12, 1c, 21, 23), where
1c = (21 × 21)A so we have 1c is either 12 or 13, yields
⊗ 11 12 13 14 21 22 23
11 ×(2) (3) × ×
12 ×(2) (3) × ×
13 (3) ×(2) × ×
14 (3) ×(2) × ×
21 × × × × ×× ××
22 ×× ×× ××
23 × × × × ×× ××
Next, 16/13 with 4 = (21, 22) and 6 = (1a, 1b, 21, 23), where
1a = (21×21)A = (12 + 13 + 22)A and 1b = (22×22)A + (11 +
12 + 13 + 14)A gives
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⊗ 11 12 13 14 21 22 23
11 (1) (2) (3) (4) × ×
12 (2) (1) (4) (3) × ×
13 (3) (4) (1) (2) × ×
14 (4) (3) (2) (1) × ×
21 × × × × (1)(4) ×× (2)(3)
22 ×× (1)(2)(3)(4) ××
23 × × × × (2)(3) ×× (1)(4)
where again we insert×s at the locations in parenthesis when the
singlets are chosen properly from the antisymmetric products of
the doublets. There are three inequivalent choices, either (i)
put ×× at location (2), or (ii) put an × at (2) and one at (3),
or (iii) put × at (2) and × at (1). All other choices lead to
equivalent models. Thus, without the full detailed knowledge of
the antisymmetric products, we can still reduce the analysis to
the consideration of these three cases.
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Finally, we have 16/13 with 4 = (21, 21) and 6 = (12, 12, 12, 13, 22)
(which is equivalent to 6 = (12, 13, 13, 13, 22) for SSB up to a
relabeling of irreps).
⊗ 11 12 13 14 21 22 23
11 ××× × ×
12 ××× ×
13 × ××× ×
14 ××× ×
21 × ×××××
22 × × × × ××××
23
××
××× ×
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Moving on to o(Γ) = 18 we have 18/3 with 4 = (1′α, 1′, 2α)
and 6 = (1′α, 2α, 2α2, 1′α2) with scalars
⊗ 1 1′ 2 1α 1′α 2α 1α2 1′α2 2α2
1 × × × ×
1′ × × × ×
2 × × ×× × × ××
1α × × × ×
1′α × × × ×
2α × × ×× × × ××
1α2 × × × ×
1′α2 × × × ×
2α2 × × ×× × × ××
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The two o(Γ) = 20 models are 20/5 with 4 = (12, 12, 12, 12)
and 6 = (13, 13, 13, 13, 13, 13 ) which is very much like the 16/11
model because of the similar embedding, with scalars
⊗ 11 12 13 14 4
11 (×)6
12 (×)6
13 (×)6
14 (×)6
4
But a VEV for any of these renders the entire fermion sector
vectorlike.
103
The second model has 20/5 with 4 = (12, 12, 12, 14) and 6 =
(11, 11, 11, 13, 13, 13 ) with scalars:
⊗ 11 12 13 14 4
11 ××× ×××
12 ××× ×××
13 ××× ×××
14 ××× ×××
4 (×)6
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At o(Γ) = 21 we have a single model. 21/2 with 4 = (12, 31)
and 6 = 31 + 32 with N = 2. (All other embeddings of
the 4 with chiral fermions and N = 0 SUSY are permutations
and therefore equivalent to this model.). Here 6 is real so the
embedding is proper and the scalar sector is:
⊗ 11 12 13 31 32
11 × ×
12 × ×
13 × ×
31 × × × ×× ×××
32 × × × ××× ××
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The rich scalar sectors at o(Γ) = 24 offer a number varied
model building opportunities 24/7 or equivalently 24/8
(since they have isomorphic irrep product tables) with 4 =
(11, α12, 2α) and 6 = (12α, 12α
2, 2α, 2α2) give the scalars
⊗ 11 12 13 14 2 11α 12α 13α 14α 2α 11α2 12α2 13α2 14α2 2α2
11 × × × ×
12 × × × ×
13 × × × ×
14 × × × ×
2 × × × × × × × × × ×
11α × × × ×
12α × × × ×
13α × × × ×
14α × × × ×
2α × × × × × × × × × ×
11α
2 × × × ×
12α
2 × × × ×
13α
2 × × × ×
14α
2 × × × ×
2α2 × × × × × × × × × ×
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The scalars for 24/9 with 4 = (1
1
α, 12α
3, 2α2) and 6 = (12, 12, 2α, 2α
3)
are:
⊗ 11 12 2 11α 12α 2α 11α2 12α2 2α2 11α3 12α3 2α3
11 ×× × ×
12 ×× × ×
2 ×× × × × × × ×
11α × ×× ×
12α × ×× ×
2α × × × ×× × × ×
11α
2 × ×× ×
12α
2 × ×× ×
2α2 × × × ×× × × ×
11α
3 × × ××
11α
3 × × ××
2α3 × × × × × × ××
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The scalars for 24/9 with 4 = (11α, 12α, 2α) and 6 = (12α, 2, 12α, 2α
2)
are:
⊗ 11 12 2 11α 12α 2α 11α2 12α2 2α2 11α3 12α3 2α3
11 ×× ××
12 ×× ××
2 ×× ×× ××××
11α ×× ××
12α ×× ××
2α ×× ×× ××××
11α
2 ×× ××
12α
2 ×× ××
2α2 ×× ×× ××××
11α
3 ×× ××
11α
3 ×× ××
2α3 ×× ×× ××××
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For 24/9 with 4 = (11α, 12, 2α) and 6 = (12α
2, 2α, 2α−1, 12α−2)
where α4 = 1, the scalar sector is:
⊗ 11 12 2 11α 12α 2α 11α2 12α2 2α2 11α3 12α3 2α3
11 × ×× ×
12 × ×× ×
2 × × × ×× × × ×
11α × × ××
12α × × ××
2α × × × × × × ××
11α
2 ×× × ×
12α
2 ×× × ×
2α2 ×× × × × × × ×
11α
3 × ×× ×
12α
3 × ×× ×
2α3 × × × ×× × × ×
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For 24/9 with 4 = (2α, 2α) where 6 = 3(12α
2) + 11α
2 +
2α2,the scalars are:
⊗ 11 12 2 11α 12α 2α 11α2 12α2 2α2 11α3 12α3 2α3
11 × ××× ××
12 ××× × ××
2 ×× ××
×××
×××
11α × ××× ××
12α ××× × ××
2α ×× ××
×××
×××
11α2 × ××× ××
12α2 ××× × ××
2α2 ×× ××
×××
×××
11α3 × ××× ××
12α3 ××× × ××
2α3 ×× ××
×××
×××
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The next example of interest is 24/13 with 4 = (21, 22) and
6 = 11 + 12 + 13 + 3 with scalars:
⊗ 11 12 13 21 22 23 3
11 × × × ×
12 × × × ×
13 × × × ×
21 ×× ×× ××
22 ×× ×× ××
23 ×× ×× ××
3 × × × ××
There are two ineqivalent models for the group 24/15, they
are 4 = (12, 13, 23) where 6 = 14+12[4]+23+24 and the scalars
are:
⊗ 11 12 13 14 21 22 23 24 25
11 ×× × ×
12 ×× × ×
13 ×× × ×
14 ×× × ×
21 ×× × × ××
22 ×× × × ××
23 × × × × × × ××
24 × × × × × × ××
25 ×× ×× ××
if (23 × 23)A = 14 but if it is 12 then the top 4 × 4 changes
to:
× ×
× ×
× ×
× ×
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The other 24/15 case has 4 = (23, 23) where 6 = 3(12) +
14 + 21 and the scalars are (this time swapping 12 and 14 gives
equivalent models):
⊗ 11 12 13 14 21 22 23 24 25
11 ××× × ×
12 ××× × ×
13 × ××× ×
14 × ×××
21 × × × ××××
22 × ×××× ×
23
×××
×× ×
24
×××
×× ×
25 × × ××××
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The only o(Γ) = 27 model to evaluate is 27/4 with 4 = (12, 31),
where 6 = 31 + 32 is real, and where the scalar sector is:
⊗ 11 12 13 14 15 16 17 18 19 31 32
11 × ×
12 × ×
13 × ×
14 × ×
15 × ×
16 × ×
17 × ×
18 × ×
19 × ×
31 × × × × × × × × × ×××
32 × × × × × × × × × ×××
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And finally, at order 30 we have for 30/2 with 4 = (1α, 1′, 2α)
and 6 = (1′α+ 2α+ 2α−1+ 1′α−1) where α3 = 1, a model with
scalar sector:
⊗ 1 1′ 2 2′ 1α 1′α 2α 2′α 1α2 1′α2 2α2 2′α2
1 × × × ×
1′ × × × ×
2 × × × × × × × ×
2′ × ×× × ××
1α × × × ×
1′α × × × ×
2α × × × × × × × ×
2′α × ×× × ××
1α2 × × × ×
1′α2 × × × ×
2α2 × × × × × × × ×
2′α2 × ×× × ××
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The other possibility at order 30 is 30/3 with 4 = (1α, 1′, 2α2)
where 6 = 1′α+2α2+2α3+1′α4 and α5 = 1, where the scalars
are:
⊗ 1 1′ 2 1α 1′α 2α 1α2 1′α2 2α2 1α3 1′α3 2α3 1α4 1′α4 2α4
1 × × × ×
1′ × × × ×
2 × × × × × × × ×
1α × × × ×
1′α × × × ×
2α × × × × × × × ×
1α2 × × × ×
1′α2 × × × ×
2α2 × × × × × × × ×
1α3 × × × ×
1′α3 × × × ×
2α3 × × × × × × × ×
1α4 × × × ×
1′α4 × × × ×
2α4 × × × × × × × ×
This concludes the enumeration of the scalar sectors of the
properly embedded models. We will now investigate a number
of symmetry breaking scenarios for these models.
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6.6 Spontaneous Symmetry Breaking
We are now in a position to carry out the spontaneous symmetry
breaking for the models with fermions and scalars given in the
previous sections. We restrict ourselves to chiral models with the
potential of at least three families (χ ≥ 45) and for the most part
consider only models with N = 2, although we have included
two N = 3 models. Again, we move progressively through the
models of increasing order of Γ. The model is completely fixed
by Γ, the embedding of 4 in Γ, and the choice of N .
It is worth mentioning explicitly that no attempt is made to
stationarize the scalar potential in any of our models. We are
tacitly assuming that there are sufficient parameters in the po-
tential to arrange a minimum with the scalar VEVs displayed. It
would be an interesting research project to study this in specific
cases and will generally require a computer analysis.
The first relevant model is:
16/8 with 4 = (21,21) and N = 2
The chiral fermions are
2[(2, 1, 1, 1, 1, 1, 1, 1; 4, 1)+ (1, 1, 1, 1, 2, 1, 1, 1; 1, 4)
+ (1, 2, 1, 1, 1, 1, 1, 1; 4, 1)+ (1, 1, 1, 1, 1, 2, 1, 1; 1, 4)
+ (1, 1, 2, 1, 1, 1, 1, 1; 4, 1)+ (1, 1, 1, 1, 1, 1, 2, 1; 1, 4)
+ (1, 1, 1, 2, 1, 1, 1, 1; 4, 1)+ (1, 1, 1, 1, 1, 1, 1, 2; 1, 4)
+ (2, 1, 1, 1, 1, 1, 1, 1; 1, 4¯) + (1, 1, 1, 1, 2, 1, 1, 1; 4¯, 1)
+ (1, 2, 1, 1, 1, 1, 1, 1; 1, 4¯) + (1, 1, 1, 1, 1, 2, 1, 1; 4¯, 1)
+ (1, 1, 2, 1, 1, 1, 1, 1; 1, 4¯) + (1, 1, 1, 1, 1, 1, 2, 1; 4¯, 1)
+ (1, 1, 1, 2, 1, 1, 1, 1; 1, 4¯) + (1, 1, 1, 1, 1, 1, 1, 2; 4¯, 1)]
and χ = 28. From the table of scalars for this model, we find
that if we break SU(4) × SU(4) to the diagonal SUD(4), then
the model becomes vectorlike.
All scalars that are nontrivial in the SU(4)s are of the form
(1, 1, 1, 1, 1, 1, 1, 1; 4, 4¯) + h.c., and a VEV for any one can be
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rotated such that the unbroken symmetry is SUD(4). All other
scalars are SUi(2)×SUj(2) bilinears, hence we cannot break to a
Pati-Salam (PS) model or any standard type chiral model with
this strategy.
As mentioned above, symmetry breaking via non-diagonal
subgroups is another possibility, but we will not investigate such
models here. They usually lead to somewhat more complicated
patterns of spontaneous symmetry breaking (SSB) and while
they are more cumbersome to analyze, they do offer further
model building opportunities.
We continue with 16/8 with 4 = (12,14+i,21) and N = 2, where
6 = (1x(i),21, 22,(15, 16, 17, 18)A) with x = 6, 5, 8, 7 for i = 1, 2, 3, 4.
This model has only half the initial chirality of the previous
model (χ = 27), and the fermions are given above if the overall
factor of 2 is removed. As above, we need to break one SU(4), ei-
ther will do. We choose SU2(4). For the scalars shown, we can do
this with, say, (1, 1, 1, 2, 1, 1, 1, 1; 1, 4¯) and (1, 1, 1, 1, 1, 1, 1, 2; 1, 4)
VEVs. The remaining chiral fermion sector is
(2, 1, 1, 1, 1, 1; 4)+ (1, 1, 1, 2, 1, 1; 4¯) + (1, 2, 1, 1, 1, 1; 4)
+ (1, 1, 1, 1, 2, 1; 4¯) + (1, 1, 2, 1, 1, 1; 4)+ (1, 1, 1, 1, 1, 2; 4¯)
for G =
∏
k
SUk(2)× SU(4), with k=1,2,3,5,6,7.
There are only SUi(2)×SUj(2) bilinear scalars of the form(2i, 2j)
where i = 1, 2, or 3 and j = 4, 5,or 6, whose VEVs reduce chi-
rality further, so we cannot reach a three-family P-S model.
Note: what one would need is bilinears that allow us to break
SU1(2)× SU2(2)× SU3(2) to a diagonal subgroup SUL(2), and
similarly for SU4(2)× SU5(2)× SU6(2) to SUR(2). This would
then have been a three-family P-S model, however, such scalars
do not exist in the model.
Next consider 16/11 with 4 = (12, 12, 12, 12) and N = 3. This
model is highly chiral, with χ = 432, and the chiral fermions are
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6[(3, 3¯, 1, 1, 1, 1, 1, 1; 1, 1)+ (1, 1, 1, 1, 3, 3¯, 1, 1; 1, 1)
+ (1, 3, 3¯, 1, 1, 1, 1, 1; 1, 1)+ (1, 1, 1, 1, 1, 3, 3¯, 1; 1, 1)
+ (1, 1, 3, 3¯, 1, 1, 1, 1; 1, 1)+ (1, 1, 1, 1, 1, 1, 3, 3¯; 1, 1)
+ (3¯, 1, 1, 3, 1, 1, 1, 1; 1, 1)+ (1, 1, 1, 1, 3¯, 1, 1, 3; 1, 1)].
We can ignore the SU(6) × SU(6) sector, since it can be bro-
ken completely without affecting the chirality. If we then give
VEVs to (1, 1, 1, 8, 1, 1, 1, 1) and (1, 1, 1, 1, 1, 1, 1, 8) representa-
tions of SU(3)8, we arrive at 6[(3, 3¯, 1) + (1, 3, 3¯) + (1, 1, 3) +
(3¯, 1, 1)] in the SUi+1(3)× SUi+2(3) × SUi+3(3) sector for both
i = 0 and i = 1. The i = 0 sector can be broken com-
pletely with (1, 1, 1, 1, 8, 1)-type VEVs plus (1, 1, 1, 3, 1, 3¯)-type
VEVs. The remaining fermions falling nearly into six E6 −→
SU(3)×SU(3)×SU(3)-type families. While close to containing
the standard model, this model is still unsuccessful.
16/11 with 4 = (12, 12, 12, 14) and N = 3 The chiral fermion
sector is exactly half the previous case. Again we break SU(6)×
SU(6) completely. Then breaking
8∏
j=4
SUj(3) completely with
SUj(3) octet VEVs gives us finally a chiral fermion sector 3[(3, 3¯, 1)+
(1, 3, 3¯)+(1, 1, 3)+(3¯, 1, 1)]. This is tantalizingly close to a three-
family trinification model, but still lacks the requisite (3¯, 1, 3)
fermions.
16/13: There are three potential models for this group.
Consider first the case with
4 = (21, 21) and N = 2.
Here 6 = (12, 12, 12, 13, 22) and the chiral fermions are
2[(2, 1, 1, 1; 4, 1, 1)+ (1, 2, 1, 1; 1, 1, 4)+ (1, 1, 2, 1; 1, 1, 4) +
(1, 1, 1, 2; 4, 1, 1)+ (2, 1, 1, 1; 1, 1, 4¯) + (1, 2, 1, 1; 4¯, 1, 1)
+ (1, 1, 2, 1; 4¯, 1, 1) + (1, 1, 1, 2; 1, 1, 4¯)]
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VEVs of the form <42, 4¯2 > etc., can break SU2(4) com-
pletely (this group is irrelevant, since there are no chiral fermions
with SU2(4) quantum numbers). VEVs for (41, 4¯3) scalars then
breaks SU1(4)× SU3(4) to SUD(4), such that the fermions be-
come vectorlike. On the other hand, VEVs for (24,42) + h.c.
reduces the chiral sector to
2[(2, 1, 1; 1, 4)+ (1, 2, 1; 4, 1) + (1, 1, 2; 4, 1) + 2(1, 1, 1; 1, 4)
+(2, 1, 1; 4¯, 1) + 2(1, 1, 1; 4¯, 1) + (1, 2, 1; 1, 4¯) + (1, 1, 2; 1, 4¯)]
and then a VEV for (23,42) + h.c reduces this farther to
2[(2, 1; 1, 4) + (1, 2; 4, 1) + (1, 2; 1, 4¯) + (2, 1; 4¯, 1)].
As above a VEV for (41, 4¯3) scalars would render the model
vectorlike, while just breaking SU3(4) would give a one-family
model. However, this needs VEVs for (21,24) and (22,23), but no
scalars of this type exist in the model. We conclude the model
has no Pati-Salam type phenomology.
Consider next
16/13 with 4 = (21, 22) and N = 2.
This time 6 is as given in Section 6.5, but undetermined up to
the identification of antisymmetric singlets in (2i×2i)A with i =
1, 2. The chiral fermions are as in the 4 = (21, 21) case, but with
the overall factor of 2 deleted. A useful strategy is to do a generic
spontaneous symmetry breaking analysis to try to obtain a real-
istic Pati-Salam type phenomenology and then, if successful, one
asks if the scalars to carry out the breaking are in the model. As
above, SU2(4) is irrelevant and so can be ignored. If we identify
SU1(2)×SU4(2) with SUL(2) and SU2(2)×SU3(2) with SUR(2),
we find 2[(2, 1; 1, 4) + (1, 2; 4, 1) + (1, 2; 1, 4¯) + (2, 1; 4¯, 1)]. Now
breaking one of the remaining SU(4)s completely gives two fam-
ilies, and this is the best one can do. Hence independent of what
scalars are available, there is no chance to get a model with three
or more families.
The remaining 16/13 case is:
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4 = (13, 14, 21) with N = 2.
Now 6 = (12, 21, 23,1c). but the chiral fermions are in the
same representations as the previous model, and so we can im-
mediately conclude on general grounds that there is no viable
phenomenology for this case.
18/3
Now consider
18/3 with 4 = (1α, 1′; , 2α) and N = 3. This model has χ =
192 and chiral fermions (2, 1, 1, 1, 1, 1; 1, 4, 1)+(1, 2, 1, 1, 1, 1; 1, 4, 1)+
(1, 1, 2, 1, 1, 1; 4¯, 1, 1)
+(1, 1, 1, 2, 1, 1; 4¯, 1, 1)+(1, 1, 2, 1, 1, 1; 1, 1, 4)+(1, 1, 1, 2, 1, 1; 1, 1, 4)
+(1, 1, 1, 1, 2, 1; 1, 4¯, 1)+(1, 1, 1, 1, 1, 2; 1, 4¯, 1)+(1, 1, 1, 1, 2, 1; 4, 1, 1)
+(1, 1, 1, 1, 1, 2; 4, 1, 1)+(2, 1, 1, 1, 1, 1; 1, 1, 4¯)+(1, 2, 1, 1, 1, 1; 1, 1, 4¯)
+2[(1, 1, 1, 1, 1, 1; 4¯, 4, 1)+(1, 1, 1, 1, 1, 1; 1, 4¯, 4)+(1, 1, 1, 1, 1, 1; 4, 1, 4¯)].
Breaking SU 6(2) to a single diagonal SU(2)with all six (2i,2j)
type VEVs of SUi(2) × SUj(2), and then further VEVs of the
type (2;4,1,1), (2;1,4,1), and (2;1,1,4) to break the SU(4)s to
SU(3)s leads to the set of remaining chiral fermions:
2[(3, 3¯, 1) + (1, 3, 3¯) + (3¯, 1, 3)].
So this route leads to two families.
If instead we seek a Pati-Salam model, there are several spon-
taneous symmetry breaking routes we need to investigate. If
we break with (1,1,1,1,1,1;4¯, 4, 1) scalars to SU 6(2)× SUD(4)×
SU3(4) we find the fermions remaining chiral are
(2, 1, 1, 1, 1, 1; 4, 1)+(1, 2, 1, 1, 1, 1; 4, 1)+(1, 1, 2, 1, 1, 1; 1, 4)+
(1, 1, 1, 2, 1, 1; 1, 4)
+(1, 1, 2, 1, 1, 1; 4¯, 1)+(1, 1, 1, 2, 1, 1; 4¯, 1)+(2, 1, 1, 1, 1, 1; 1, 4¯)+
(1, 2, 1, 1, 1, 1; 1, 4¯).
Now breaking with a (41, 4¯3) or (42, 4¯3) VEV would render
the model vectorlike, so we avoid this and insted give VEVs to
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(25,41) and (26,41) to break SUD(4) to SU
′(2). However, this
yields at most two families.
We must try another route. If we avoid (4¯, 4) type VEVs
and give VEVs only to (2, 4) type scalars, we can proceed as
follows: <21,42 >, <22,42 >, <23,4¯1 > and <24,4¯1 > VEVs
break SU 6(2)×SU 3(4) to SU5(2)×SU6(2)×SU ′(2)×SU ′′(2)×
SU(4). Some fermions remain chiral but they are insufficient to
construct families. We conclude that this model will not provide
viable phenomenology.
20/5 with 4 = (12, 12, 12, 12) and N = 3
The chiral SU 4(3) fermions are 4[(3, 3¯, 1, 1)+ (1, 3, 3¯, 1) +
(1, 1, 3, 3¯) + (3¯, 1, 1, 3)]. (The SU(6) does not participate; it will
be ignored.) The only scalars are in representations (3, 1, 3¯, 1)
+h.c. and (1, 3, 1, 3¯)+h.c. A VEV to, say, the first of these,
would break SU1(3) × SU3(3) to a diagonal SUD(3), and the
fermions would become 4[(3, 3¯, 1)+ (3¯, 3, 1)+ (3, 1, 3¯) + (3¯, 1, 3)]
under SUD(3)×SU2(3)×SU4(3), which is vectorlike. Hence any
allowed VEVs immediately renders the model vectorlike.
We get no farther with 4 = (12, 12, 12, 12) and N = 3, where
6 = (13, 13, 13, 11, 11, 11), since this model has only half the chi-
rality content of the previous case, and again VEVs will render
it vectorlike.
21/2 with 4 = (12, 31) and N = 2. Now 6 = (31, 32). (Other
embeddings of the 4 with n=0 SUSY are permutation of the
representations of this model and are therefore all equivalent.)
The fermions have χ = 108 and are (2, 1, 1; 6, 1)+(1, 2, 1; 6, 1)+
(1, 1, 2; 6, 1)+(2, 1, 1; 1, 6¯)+(1, 2, 1; 1, 6¯)+(1, 1, 2; 1, 6¯)+(1, 1, 1; 6¯, 6).
A VEV for a (6¯, 6) scalar renders the model vectorlike. Our only
other option is to give (2,6) type VEVs. A <2,1,1;6,1>breaks
the gauge group to SU2(4) × SU3(2) × SU(5) × SU(6) with
chiral fermions 2(1, 1; 5, 1)+(1, 2; 5, 1)+(2, 1; 5, 1) +(1, 1; 1, 6¯)+
(2, 1; 1, 6¯)+(1, 2; 1, 6¯)+(1, 1, 1; 5¯, 6). There is insufficient fermion
content for a three family Pati-Salammodel if we identify SU2(4)×
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SU3(2) with SUL(4)×SUR(2).Our only other choice is to get one
of these SU(2)s from SU(5)×SU(6). For instance a <22,5>VEV
breaks the gauge group to SU3(2)× SU(4)× SU(6) but the re-
maing chiral fermions are 4(1, 4, 1)+(2, 4, 1)+3(1, 1, 6¯)+(2, 1, 6¯)+
(1, 2; 1, 6¯) + (1, 1, 6) + (1, 4¯, 6). We can not identify SU(4) with
SUPS(4), so this group can only be in SU(6). Breaking SU(6)
with an adjoint to SU(2)×SU(4) leaves us with SU(2)×SU(4)×
SU(2) × SU(4) fermions that are again insufficient for a three
family Pati-Salam model.
24/7 with 4 = (1α, 1′, 2α) for N = 2
This model, the only successful one in the present rather
broad yet still not comprehensive search, has been discussed
in detail in [178].
The original gauge group at the conformality scale is SU(4)3×
SU(2)12 with chiral fermions as given in Section 6.4 and complex
scalars as stated in Section 6.5 above.
If we break the three SU(4)s to a single diagonal SU(4) sub-
group, chirality is lost. To avoid this we break SU(4)1 com-
pletely and then break SU(4)α × SU(4)α2 to its diagonal sub-
group SU(4)D. The appropriate VEVs are available as [(41, 2bα
k)+
h.c.] with b arbitrary but k = 1 or k = 2. The second step re-
quires an SU(4)D singlet VEV from (4¯α, 4α2) and/or (4α, 4¯α2).
Once a choice is made for b (we take b = 4), the remaining
fermions are, in an intuitive notation,:
α=3∑
α=1
[(2αα, 1, 4D) + (1, 2αα
−1, 4¯D)] (51)
which has the same content as a three family Pati-Salam model,
though with a separate SU(2)L × SU(2)R per family.
To further reduce the symmetry we must arrange to break to
a single SU(2)L and a single SU(2)R. This is achieved by mod-
ifying step one where SU(4)1 was broken. Consider the block
diagonal decomposition of SU(4)1 into SU(2)1L×SU(2)1R. The
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representations (2αα, 41) and (2αα
−1, 41) decompose as (2αα, 41)→
(2αα, 2, 1)+(2αα, 1, 2) and (2αα
−1, 41)→ (2αα−1, 2, 1)+(2−1α , 1, 2).
Now if we give VEVs of equal magnitude to the (2aα, 2, 1), a =
1, 2, 3 and equal magnitude VEVs to the (2aα
−1, 1, 2), a = 1, 2, 3,
we break SU(2)1L × Πa=3a=1SU(2aα) to a single SU(2)L and we
break SU(2)1R × Πa=3a=1SU(2aα−1) to a single SU(2)R. Finally,
VEVs for (24α, 2, 1) and (24α, 1, 2) as well as (24α
−1, 2, 1) and
(24α
−1, 1, 2) ensure that both SU(24α) and SU(24α−1) are bro-
ken and that only three families remain chiral. The final set of
chiral fermions is then 3[(2, 1, 4)+(1, 2, 4¯)] with gauge symmetry
SU(2)L × SU(2)R × SU(4)D.
To achieve the final reduction to the standard model, an
adjoint VEV from (4¯α, 4α2) and/or (4α, 4¯α2) is used to break
SU(4)D to SU(3)×U(1), and a right-handed doublet is used to
break SU(2)R.
24/9 with 4 = (11α, 12α
3, 2α2) for N = 2
The original gauge group at the conformality scale is SU(4)4×
SU(2)8 with chiral fermions as given in Section 6.4 and complex
scalars as stated in Section 6.5 above.
Achievement of chiral families under the Pati-Salam subgroup
SU(4)×SU(2)L×SU(2)R requires the identifications SU(2)11 =
SU(2)12 = SU(2)11α = SU(2)12α = SU(2)L; SU(2)11α3 = SU(2)12α2 =
SU(2)11α3 = SU(2)12α3 = SU(2)R; while, for example, SU(4)2 =
SU(4)2α = 4¯ of SU(4); SU(4)2α2 = SU(4)2α3 = 4 of SU(4)
where by this simplified notation we imply diagonal subgroups.
But the scalars tabulated for this case in Section 6.5 are insuf-
ficient to allow this pattern of spontaneous symmetry breaking,
and hence no interesting model emerges.
24/9 with 4 = (11α, 12α, 2α) for N = 2
The original gauge group at the conformality scale is SU(4)4×
SU(2)8 with chiral fermions as given in Section 6.4 and complex
scalars as stated in Section 6.5 above.
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Achievement of chiral families under the Pati-Salam subgroup
SU(4)×SU(2)L×SU(2)R requires the identifications SU(2)11 =
SU(2)12 = SU(2)11α = SU(2)12α = SU(2)L; SU(2)11α3 = SU(2)12α2 =
SU(2)11α3 = SU(2)12α3 = SU(2)R; while, for example, SU(4)2 =
SU(4)2α3 = 4¯ of SU(4); SU(4)2α = SU(4)2α2 = 4 of SU(4)
where again by this simplified notation we imply diagonal sub-
groups.
But the scalars tabulated for this case in Section 6.5 are insuf-
ficient to allow this pattern of spontaneous symmetry breaking,
and hence no interesting model emerges.
24/9 with 4 = (11α
2, 12, 2α) for N = 2
The original gauge group at the conformality scale is SU(4)4×
SU(2)8 with chiral fermions as given in Section 6.4 and complex
scalars as stated in Section 6.5 above.
Achievement of chiral families under the Pati-Salam subgroup
SU(4)×SU(2)L×SU(2)R requires the identifications SU(2)11 =
SU(2)12 = SU(2)11α = SU(2)12α = SU(2)L; SU(2)11α3 = SU(2)12α2 =
SU(2)11α3 = SU(2)12α3 = SU(2)R; while, for example, SU(4)2 =
SU(4)2α3 = 4¯ of SU(4); SU(4)2α = SU(4)2α2 = 4 of SU(4)
where by this simplified notation we imply diagonal subgroups.
But again, as in the previous two embeddings, the scalars
tabulated for this case in Section 6.5 are insufficient to allow
this pattern of spontaneous symmetry breaking, and hence no
interesting model emerges.
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The final model to consider for this group is
24/9 with 4 = (2α, 2α) for N = 2
The original gauge group at the conformality scale is SU(4)4×
SU(2)8 with chiral fermions as given in Section 6.4 and complex
scalars as stated in Section 6.5 above.
Achievement of chiral families under the Pati-Salam subgroup
SU(4)×SU(2)L×SU(2)R requires the identifications SU(2)11 =
SU(2)11α = SU(2)11α2 = SU(2)11α3 = SU(2)L; SU(2)12α =
SU(2)12α = SU(2)12α2 = SU(2)12α3 = SU(2)R; while, for ex-
ample, SU(4)2α = SU(4)2α3 = 4 of SU(4) where by this sim-
plified notation we imply diagonal subgroups, and SU(4)2 and
SU(4)2α2 are broken.
But the scalars tabulated for this case in Section 6.5 are insuf-
ficient to allow this pattern of spontaneous symmetry breaking,
and hence no interesting model emerges.
Moving on we next consider 24/13 with 4 = (21, 22) for N = 2
The original gauge group at the conformality scale is SU(6)×
SU(4)3×SU(2)3 with chiral fermions as given in Section 6.4 and
complex scalars as stated in Section 6.5 above.
According to the analysis in Section 6.4 this orbifold permits
only two chiral families and is therefore not of phenomenological
interest.
24/14 with 4 = (21, 22) for N = 2
The original gauge group at the conformality scale is SU(4)4×
SU(2)8 with chiral fermions as given in Section 6.4 and complex
scalars as stated in Section 6.5 above.
Achievement of chiral families under the Pati-Salam subgroup
SU(4)×SU(2)L×SU(2)R requires the identifications SU(2)11 =
SU(2)12 = SU(2)15 = SU(2)16 = SU(2)L; SU(2)13 = SU(2)14 =
SU(2)15 = SU(2)16 = SU(2)R; while, for example, SU(4)22 =
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SU(4)23 = 4 of SU(4); SU(4)21 = SU(4)24 = 4¯ of SU(4) where
by this simplified notation we imply diagonal subgroups.
But the scalars tabulated for this case in Section 6.5 are insuf-
ficient to allow this pattern of spontaneous symmetry breaking,
and hence no interesting model emerges.
24/15 with 4 = (12, 13, 23) for N = 2
The original gauge group at the conformality scale is SU(4)5×
SU(2)4 with chiral fermions as given in Section 6.4 and complex
scalars as stated in Section 6.5 above.
Achievement of chiral families under the Pati-Salam sub-
group SU(4) × SU(2)L × SU(2)R requires the identifications
SU(2)11 = SU(2)13 = SU(2)L; SU(2)12 = SU(2)14 = SU(2)R;
while, for example, SU(4)23 = SU(4)24 = 4 of SU(4), where by
this simplified notation we imply diagonal subgroups.
But again the scalars tabulated for this case in Section 6.5
are insufficient to allow this pattern of spontaneous symmetry
breaking, and hence no interesting model emerges.
24/15 with 4 = (23, 25) for N = 2
The original gauge group at the conformality scale is SU(4)5×
SU(2)4 with chiral fermions as given in Section 6.4 and complex
scalars as stated in Section 6.5 above.
According to the analysis in Section 6.4 this orbifold permits
only two chiral families and is hence not phenomenologically
interesting.
24/15 with 4 = (23, 23) for N = 2
The original gauge group at the conformality scale is SU(4)5×
SU(2)4 with chiral fermions as given in Section 6.4 and complex
scalars as stated in Section 6.5 above.
Achievement of chiral families under the Pati-Salam sub-
group SU(4) × SU(2)L × SU(2)R requires the identifications
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SU(2)11 = SU(2)13 = SU(2)L; SU(2)12 = SU(2)14 = SU(2)R;
while, for example, SU(4)23 = SU(4)24 = 4 of SU(4) where by
this simplified notation we imply diagonal subgroups.
But the scalars tabulated for this case in Section 6.5 are insuf-
ficient to allow this pattern of spontaneous symmetry breaking,
and hence no interesting model emerges.
Continuing on to o(Γ) = 27 we have
27/4 with 4 = (12, 31) with N = 2.
Here 6 = (31, 32) and the chiral fermions are given by Equa-
tion 49 and all scalars are of type (2i, 6¯1), (2i, 62) or (61, 6¯2) for
i = 1, 2, ..., 9.. A VEV for (61, 6¯2) + h.c. scalar breaks SU1(6)×
SU2(6) to SUD(6), and the model becomes vectorlike. Hence
we must break only with (2,6) type scalars if there is any hope
of a viable model. We give VEVs to (2i, 61) scalars for i =
1, 2, ..., 5 to break SU1(6) completely, and VEVs to (2j, 62) for
j = 6, 7 to break SU2(6) to SU(4). Then the remaining un-
broken gauge group is SU8(2)× SU9(2)× SU(4) with fermions
(2, 1, 4) + (1, 2, 4) + 4(1, 1, 4¯), which are chiral but not of the
correct form.
A more successful variation is obtained with (2i, 61) scalars
VEVs for i = 1, 2, 3 and 4 to break the gauge group to SU5(2)×
SU6(2)×SU7(2)×SU8(2)×SU9(2)×SU ′(2)×SU(6) and then-
VEVs for (25, 62) and (26, 62) to break to SU7(2) × SU8(2) ×
SU9(2)× SU ′(2)× SU(4) which has chiral fermions
(2, 1, 1, 1, 4) + (1, 2, 1, 1, 4) + (1, 1, 2, 1, 4) + 3(1, 1, 1, 2, 4).
If we could break SU7(2)×SU8(2)×SU9(2) to a diagonal SU(2)
subgroup, we would have a three-family Pati-Salammodel. How-
ever, the scalars to accomplish this are not in the spectrum. If
we could give VEVs to (2i, 61) scalars for i = 7, 8, 9 to break
SU7(2) × SU8(2) × SU9(2) to a UY (1) without disturbing the
SU ′(2) subgroup of SU1(6), and a further (2j, 62) VEV, say
(21, 62), to break SU(4) to SUC(3), then we would have a true
three family standard (i.e., UY (1) × SUEW (2)× SUC(3))model
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upon identifying SU ′(2) with SUEW (2).
Finally at o(Γ) = 30 we have 30/2 with 4 = (1
1
α, 12, 2α) and N = 2.
Here 6 = (12α, 12α
2, 2α, 2α2), and the gauge group is SU 6(2)×
SU 6(4). This group has chiral fermions:
(2, 1, 1, 1, 1, 1; 1, 1, 4, 1, 1, 1)+ (1, 2, 1, 1, 1, 1; 1, 1, 4, 1, 1, 1)
+ (1, 1, 2, 1, 1, 1; 4¯, 1, 1, 1, 1, 1) + (1, 1, 1, 2, 1, 1; 4¯, 1, 1, 1, 1, 1)
+(1, 1, 1, 1, 1, 1; 1, 4¯, 4, 1, 1, 1) + (1, 1, 1, 1, 1, 1; 4¯, 1, 4, 1, 1, 1)
+ 2(1, 1, 1, 1, 1, 1; 1, 4¯, 1, 4, 1, 1) + (1, 1, 1, 1, 1, 1; 4¯, 1, 1, 4, 1, 1)
+(1, 1, 2, 1, 1, 1; 1, 1, 1, 1, 4, 1)+ (1, 1, 1, 2, 1, 1; 1, 1, 1, 1, 4, 1)
+ (1, 1, 1, 1, 2, 1; 1, 1, 4¯, 1, 1, 1) + (1, 1, 1, 1, 1, 2; 1, 1, 4¯, 1, 1, 1)
+(1, 1, 1, 1, 1, 1; 1, 1, 1, 4¯, 4, 1) + (1, 1, 1, 1, 1, 1; 1, 1, 4¯, 1, 4, 1)
+ 2(1, 1, 1, 1, 1, 1; 1, 1, 1, 4¯, 1, 4) + (1, 1, 1, 1, 1, 1; 1, 1, 4¯, 1, 1, 4)
+(1, 1, 1, 1, 2, 1; 4, 1, 1, 1, 1, 1)+ (1, 1, 1, 1, 1, 2; 4, 1, 1, 1, 1, 1)
+ (2, 1, 1, 1, 1, 1; 1, 1, 1, 1, 4¯, 1) + (1, 2, 1, 1, 1, 1; 1, 1, 1, 1, 4¯, 1)
+(1, 1, 1, 1, 1, 1; 4, 1, 1, 1, 4¯, 1) + (1, 1, 1, 1, 1, 1; 4, 1, 1, 1, 1, 4¯)
+ 2(1, 1, 1, 1, 1, 1; 1, 4, 1, 1, 1, 4¯) + (1, 1, 1, 1, 1, 1; 1, 4, 1, 1, 4¯, 1)
The spontaneous symmetry breaking analysis for this model
is quite unwieldy, but for the most part can be carried out sys-
tematically. For example, breaking with
(1, 1, 1, 1, 1, 1; 1, 4¯, 1, 4, 1, 1), (1, 1, 1, 1, 1, 1; 4¯, 1, 1, 4, 1, 1),
(1, 1, 1, 1, 1, 1; 4, 1, 1, 1, 4¯, 1) and (1, 1, 1, 1, 1, 1; 1, 1, 4¯, 1, 1, 4)
VEVs reduces SU 6(4) to SU1(4) × SUD(4), with fermions re-
maining chiral in representations:
(2, 1, 1, 1, 1, 1; 1, 4)+(1, 2, 1, 1, 1, 1; 1, 4)+(1, 1, 2, 1, 1, 1; 4¯, 1)+
(1, 1, 1, 2, 1, 1; 4¯, 1)
+(1, 1, 2, 1, 1, 1; 1, 4)+(1, 1, 1, 2, 1, 1; 1, 4)+(1, 1, 1, 1, 2, 1; 1, 4¯)+
(1, 1, 1, 1, 1, 2; 1, 4¯)
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+(1, 1, 1, 1, 2, 1; 4, 1)+(1, 1, 1, 1, 1, 2; 4, 1)+(2, 1, 1, 1, 1, 1; 1, 4¯)+
(1, 2, 1, 1, 1, 1; 1, 4¯).
Now (1,1,1,1,2,1;4,1) and (1,1,1,1,1,2;4,1)VEVs break SU5(2)×
SU6(2)×SU1(4) to SU ′(2) with fermions remaining chiral in the
representations:
(2, 1, 1, 1; 4) + (1, 2, 1, 1; 4) + (1, 1, 2, 1; 4) + (1, 1, 1, 2; 4)
+ 2(1, 1, 1, 1; 4¯) + 2(1, 1, 1, 1; 4¯) + (2, 1, 1, 1; 4¯) + (1, 2, 1, 1; 4¯)
which is already insufficient to provide three normal families.
Other analyses of spontaneous symmetry breaking toward con-
structing a Pati-Salam model starting with this 30/2 model are
similarly unsucessful.
An alternative is to seek a trinification model. To this end,
consider only the SU 6(4) fermion sector
+(1, 4¯, 4, 1, 1, 1) + (4¯, 1, 4, 1, 1, 1) + 2(1, 4¯, 1, 4, 1, 1)
+ (4¯, 1, 1, 4, 1, 1) + (1, 1, 1, 4¯, 4, 1) + (1, 1, 4¯, 1, 4, 1)
+2(1, 1, 1, 4¯, 1, 4) + (1, 1, 4¯, 1, 1, 4) + (4, 1, 1, 1, 4¯, 1)
+ 2(4, 1, 1, 1, 1, 4¯) + 2(1, 4, 1, 1, 1, 4¯) + (1, 4, 1, 1, 4¯, 1)
Identifying SU1(4) with SU2(4), SU3(4) with SU4(4) and SU5(4)
with SU6(4) would lead to five families of the form 5[(4¯, 4, 1) +
(1, 4¯, 4) + (4, 1, 4¯)], however there are no scalars of the type
needed to carry this out.
This analysis is not exhaustive and there may be models
where SUL(2), SUR(2) or both are contained in SU
6(4). Since
we are starting with a group of rank 24, and seek the stan-
dard model of rank 4 or a unified model thereof of rank 5 or
6, and since there are 66 Higgs representations in the theory,
the spontaneous symmetry breaking possibilities are rather com-
plex. The N = 3 case is obviously even more complicated, with
initial rank 42, and one could try to automate the search for
phenomenological models, although we have not attempted to
do so.
30/3 with 4 = (1
1
α, 12, 2α
2) and N = 2. We now have 6 =
(12α, 12α
4, 2α3, 2α2) where α5 = 1.
129
The chiral SU 10(2)× SU 5(4)fermions are
(110;4¯, 4, 1, 1, 1)+(110;4¯, 1, 4, 1, 1)+(14, 2, 15;4¯, 1, 1, 1, 1)
+(15, 2, 14;4¯, 1, 1, 1, 1)+(110;1,4¯, 4, 1, 1)+(110;1,4¯, 1, 4, 1)
+(16, 2, 13;1, 4¯, 1, 1, 1)+(17, 2, 12;1, 4¯, 1, 1, 1)+(110;1, 1, 4¯, 4, 1)
+(110;1,1,4¯, 1, 4)+(18, 2, 11; 1, 1, 4¯, 1, 1)+(19, 2;1, 1, 4¯, 1, 1)
+(110;1, 1, 1, 4¯, 4)+(110;4, 1, 1, 4¯, 1)+(2,19;1, 1, 1, 4¯, 1)
+(11, 2, 18;1, 1, 1, 4¯, 1)+(110;4, 1, 1, 1, 4¯)+(110;1, 4, 1, 1, 4¯)+(12, 2, 17;
1, 1, 1, 1, 4¯)
+(13, 2, 16;1, 1, 1, 1, 4¯)
Consider the bifundamentals only. VEVs for (1, 1, 1, 4¯, 4) and
(1,4¯, 4, 1, 1) scalars reduce the chiral fermion sector to 2[(4¯, 4, 1)+
(1, 4¯, 4) + (4, 1, 4¯)] which provides at most a two family model.
If instead we try to construct a Pati-Salam model, and note
that there are 20 (2;4) type fermions, and that we need six ap-
propriate ones of these for three families, we must take care in
the spontaneous symmetry breaking to preserve this much chi-
rality. If we (i), break SU2(4)× SU4(4)×SU5(4) completely and
(ii) SU1(4) × SU3(4) to SUPS(4) while (iii) equating SU5(2),
SU6(2), SU9(2) and (iv) equating SU10(2) with SUL(2), and
SU1(2), SU2(2), SU7(2) and SU8(2) with SUR(2), and (v) break-
ing SU3(2)×SU4(2) completely, we would be left with a 4 family
Pati–Salam Fmodel. Can we do this? (ii) is accomplished with
(a) (110;4¯, 1, 4, 1, 1), then (i) requires (b) (110;1,4¯, 1, 4, 1) and (c)
(110;1,4¯, 1, 1, 4)to get a SUD(4). Breaking this to nothing, as-
suming VEVs (a) and (b) allow no freedom to rotate the (c)
VEV to diagonal form. Now, at this point, we are stymied, as
there are insufficient (2i,2j) representations of SUi(2)× SUj(2)
to accomplish (v).
Finally, one can imagine that there exist models with either
SUL(2) or SUR(2) or both coming from SU
5(4), but we see
not obvious way to cary this out, while on the other hand since
there are 60 Higgs representations we are unable to categorically
eliminate this possibility.
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Summary
We have shown how AdS/CFT duality leads to a large class
of models which can provide interesting extensions of the stan-
dard model of particle phenomenology. The naturally occur-
ring N = 4 extended supersymmetry was completely broken to
N = 0 by choice of orbifolds S5/Γ such that Γ 6⊂ SU(3).
In the present work, we studied systematically all such non-
abelian Γ with order g ≤ 31. We have seen how chiral fermions
require that the embedding of Γ be neither real nor pseudoreal.
This reduces dramatically the number of possibilities to obtain
chiral fermions. Nevertheless, many candidates for models which
contain the chiral fermions of the three-family standard model
were found.
However, the requirement that the spontaneous symmetry
breaking down to the correct gauge symmetry of the standard
model be permitted by the prescribed scalar representations
eliminates most of the surviving models. We found only one
allowed model based on the Γ = 24/7 orbifold. We had initially
expected to find more examples in our search. The moral for
model-building is interesting. Without the rigid framework of
string duality the scalar sector would be arbitrarily chosen to
permit the required spontaneous symmetry breaking. This is
the normal practice in the standard model, in grand unification,
in supersymmetry and so on. With string duality, the scalar
sector is prescribed by the construction and only in one very
special case does it permit the required symmetry breaking.
This leads us to give more credence to the Γ = 24/7 exam-
ple that does work and to encourage its further study to check
whether it can have any connection to the real world.
Note that we have usually taken the minimal choice for N , ei-
ther 2 or 3, and have only considered SSB through diagonal sub-
group chains. Both these constraints can obviously be relaxed
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to generate more model building opportunities, but clearly this
is an open ended process as is choosing an orbifolding group.
If properly motivated, then one of these directions may be pro-
ductive. We stress that we are providing a guide to the process
of model building, and not a compendium of carefully selected
models.
132
7 Unification
Going through the abelian quiver gauge theories, we may search
for a model that contains as a sub theory the states of the stan-
dard model.
The scalar sector is dictated by the construction so that one
does not have the usual model building luxury of choosing those
scalar represntations which will most conveniently break the
symmetry spontaneously in the manner desired. The constraint
that the scalars present can break the gauge symmetry to the
standard model is an exceptionally strong constraint which is,
in general, not satisfied.
For p ≤ 6 there is no solution. Only when we arrive at p = 7
there are viable models [176,177]. Actually three different p = 7
quiver diagrams can give: 3 chiral families, adequate scalars
to spontaneously break U(3)7 → SU(3) × SU(2) × U(1) and
sin2θW = 3/13 = 0.231
The possible embeddings of Γ = Z7 in SU(4) are:
7A. (α, α, α, α4)
7B. (α, α, α2, α3)∗ C-H-H-H-W-H-W
7C. (α, α2, α2, α2)
7D. (α, α3, α5, α5)∗ C-H-W-H-H-H-W
7E. (α, α4, α4, α5)∗ C-H-W-W-H-H-H
7F. (α2, α4, α4, α4)
The three marked ∗ are those which possess the desired prop-
erties, The corresponding scalar quivers are indicated in the fol-
lowing figures.
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7B 4 = (1, 1, 2, 3) 6 = (2, 3, 3, -3, -3, -2)
HH H
H
W W
C
SCALARS
7D 4 = (1, 3, 5, 5) 6 = (1, 1, 3, -3, -1, -1)
H H
H
W
C
W
H
So the simplest abelian orbifold conformal extension of the
standard model has U(3)7 → SU(3)3 trinification → (321)SM .
In these cases we have α2 and α1 related correctly for low energy.
But α3(M) ≃ 0.07 suggesting a conformal scale M ≥ 10 TeV -
too high for detection at the L.H.C. The simple cases are not, in
any cases, grand unified and far more interesting example uses
p = 12 and accommodates a TeV scale grand unification of a
new type. The above merely illustrates how all the standard
model states can be accommodated in abelian quiver theories.
7E 4 = (1, 4, 4, 5) 6 = (1, 2, 2, -2, -2, -1)
H
H
C
W
H
W
H
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7.1 Grand unification at 4 TeV
A grand unified model [184] which introduces the 4 TeV scale
is: obtained by taking as orbifold S5/Z12 with embedding of Z12
in the SU(4) R-parity specified by 4 ≡ αA1, αA2, αA3, αA4) and
Aµ = (1, 2, 3, 6).
Firstly, this accommodates the scalars necessary to sponta-
neously break to the SM.
As a bonus, the dodecagonal quiver predicts three chiral families
(see next page).
In this teravolt unification of SU(3), SU(2) and U(1) at 4 TeV,
we shall assume that all non standard model states have masses
satisfying M ≤ 4TeV and that the couplings of SU(3)12 are
scale invariant at higher energies. As will be discussed in Section
8, cancellation of quadratic divergences requires that the U(1)
charged states also be at teravolt scales. A mechanism by which
U(1) couplings can (surprisingly) become scale invariant will be
discussed in Section 9.
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W
H
C
W
W
H
H
H
H
WW
Aµ = (1, 2, 3, 6)
SU(3)C × SU(3)H × SU(3)H
5(3, 3¯, 1) + 2(3¯, 3, 1)
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This grand unification works very precisely for the following
bottom up reason. If we take the minimal standard model and
run the couplings up in energy we find that the electroweak
mixing angle sin2 θW (µ) which has the value ∼ 0.231 at scale
µ =MZ becomes 1/4 at a scale µ ∼ 4 TeV, actually nearer to 3.8
TeV. Another ratio R(µ) = α3(µ)/α2(µ) has a value larger than
3 at µ =MZ then decreases through 3 at 400 GeV, becoming 2
at 140 TeV then 1 at the GUT scale ∼ 1016 GeV. It goes through
the simple rational fraction R(µ) = 5/2 at a value µ = 3.8 TeV
within one percent of the scale where sin2 θ(µ) = 1/4.
As a result the unification is perfect within errors as illus-
trated in the figure where all additional states are taken to be
at MU = 4 TeV.
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When the spectrum of additional states is altered there are
threshold corrections which may spoil the perfect unification, as
in more conventional grand unification. This example has ”CH”
fermions at 2 TeV, see [185].
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On the other hand, perfect unification can easily be main-
tained even with significant threshold corrections as indicated
in this example which has ”CW” fermions at 2 TeV, see [185].
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8 Quadratic divergences
The lagrangian for the nonsupersymmetric Zp theory can be
written in a convenient notation which accommodates simulta-
neously both adjoint and bifundamental scalars as
L = −1
4
F abµν;r,rF
ba
µν;r,r + iλ¯
ab
r+A4,rγ
µDµλ
ba
r,r+A4 + 2DµΦ
ab†
r+ai,r
DµΦ
ba
r,r+ai + iΨ¯
ab
r+Am,rγ
µDµΨ
ba
r,r+Am
−2ig
[
Ψ¯abr,r+AiPLλ
bc
r+Ai,r+Ai+A4Φ
†ca
r+Ai+A4,r
− Ψ¯abr,r+AiPLΦ†bcr+Ai,r−A4λcar−A4,r
]
−
√
2igǫijk
[
Ψ¯abr,r+AiPLΨ
bc
r+Ai,r+Ai+AjΦ
ca
r−Ak−A4,r
− Ψ¯abr,r+AiPLΦbcr+Ai,r+Ai+Ak+A4Ψcar−Aj ,r
]
−g2
(
Φabr,r+aiΦ
†bc
r+ai,r − Φ†abr,r−aiΦbcr−ai,r
)(
Φcdr,r+ajΦ
†da
r+aj ,r − Φ†cdr,r−ajΦdar−aj ,r
)
+4g2
(
Φabr,r+aiΦ
bc
r+ai,r+ai+ajΦ
†cd
r+ai+aj ,r+ajΦ
†da
r+aj ,r − Φabr,r+aiΦbcr+ai,r+ai+ajΦ†cdr+ai+aj ,r+aiΦ†dar+ai,r
)
where µ, ν = 0, 1, 2, 3 are lorentz indices; a, b, c, d = 1 to N are
U(N)p group labels; r = 1 to p labels the node of the quiver di-
agram ;ai (i = {1, 2, 3}) label the first three of the 6 of SU(4);
Am (m = {1, 2, 3, 4}) = (Ai, A4) label the 4 of SU(4). By def-
inition A4 denotes an arbitrarily-chosen fermion (λ) associated
with the gauge boson, similarly to the notation in the N = 1
supersymmetric case.
Let us first consider the quadratic divergence question in the
mother N = 4 theory. The N = 4 lagrangian is like Eq.(52)
but since there is only one node all those subscripts become
unnecessary so the form is simply
L = −1
4
F abµνF
ba
µν + iλ¯
abγµDµλ
ba + 2DµΦ
ab†
i DµΦ
ba
i + iΨ¯
ab
mγ
µDµΨ
ba
m
−2ig
[
Ψ¯abi PLλ
bcΦ†cai,r − Ψ¯abi PLΦbci λca
]
−
√
2igǫijk
[
Ψ¯abi PLΨ
bc
j Φ
†ca
k − Ψ¯abi PLΦbcj Ψcak
]
−g2
(
Φabi Φ
†bc
i − Φ†abi Φbci
)(
Φcdj Φ
†da
j − Φ†cdj Φdaj
)
+4g2
(
Φabi Φ
bc
j Φ
†cd
i Φ
†da
j − Φabi Φbcj Φ†cdj Φ†dai
)
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All N = 4 scalars are in adjoints and the scalar propaga-
tor has one-loop quadratic divergences coming potentially from
three scalar self-energy diagrams: (a) the gauge loop (one quar-
tic vertex); (b) the fermion loop (two trilinear vertices); and (c)
the scalar loop (one quartic vertex).
For N = 4 the respective contributions of (a, b, c) are com-
putable from Eq.(52) as proportional to g2N(1,−4, 3) which
cancel exactly.
The N = 0 results for the scalar self-energies (a, b, c) are
computable from the lagrangian of Eq.(52). Fortunately, the
calculation was already done in the literature. The result is
amazing! The quadratic divergences cancel if and only if x = 3,
exactly the same “if and only if” as to have chiral fermions. It is
pleasing that one can independently confirm the results directly
from the interactions in Eq.(52) To give just one explicit exam-
ple, in the contributions to diagram (c) from the last term in
Eq.(52), the 1/N corrections arise from a contraction of Φ with
Φ† when all the four color superscripts are distinct and there is
consequently no sum over color in the loop. For this case, exam-
ination of the node subscripts then confirms proportionality to
the kronecker delta, δ0,ai. If and only if all ai 6= 0, all the other
terms in Eq.(52) do not lead to 1/N corrections to the N = 4.
We find it remarkable [216] and encouraging that the condi-
tion for naturalness, absence of one loop quadratic divergences,
coincides with the necessary and sufficient condition for presence
of chiral fermions. If the conditions had conflicted, as seemed a
priori possible, the approach would have had less phenomeno-
logical interest.
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8.1 Is there a global symmetry?
It is an old notion that N = 4 supersymmetric gauge theory is
germane to the generalization of the standard model of particle
phenomenology. The N = 4 theory has remarkable properties
which include ultra violet finiteness and conformal invariance.
Nevertheless, one striking feature of the standard model is the
presence of chiral fermions which excludes both N = 4 and
N = 2 extended supersymmetries. Also, although the situation
might change, the absence of any experimental support even for
N = 1 supersymmetry is striking.
Shortly after the discovery of supersymmetric theories, Haag,
Lopuszanski and Sohnius generalized this to show in a 1975 pub-
lication [7] that under certain assumptions, supersymmetry is
the only possibility.
No-go theorems can be useful because they provide a set of
assumptions some or all of which must be violated in order to
make progress. Here, we shall suggest [217] that the way around
the generalized no-go theorem of Haag, Lopuszanki and Sohnius
is to relax their assumption that the generators of the sym-
metry commute with gauge transformations. In particular, for
a U(N)n quiver gauge theory, we suggest fermionic generators
which transform as bi-bifundamentals under U(N)n.
N = 4 supersymmetry
Here we collect briefly some well-known [218] facts, for conve-
nience.
142
The action for N = 4 Yang-Mills can be written
S =
∫
d4x
[
−1
4
FµνaF
µνa +
1
2
DµΦ
a
ijD
µΦaij + iχ¯
aγ.DLχa
−1
2
igfabc
(
¯˜χaiLχjbΦcij − χ¯aiRχ˜bjΦijc
)
−1
4
g2
(
fabcΦ
b
ijΦ
c
kl
) (
fadeΦ
ijdΦkle
)]
(52)
where µ, ν = 0, 1, 2, 3; i, j, k, l = 1, 2, 3; L = 12(1 + γ5), R =
1
2(1−γ5); and χ˜i = Cχ¯iT withC the charge conjugation operator.
The action (52) is invariant under the N = 4 supersymmetry
[218]
δAaµ = i
(
α¯iγµLχ
ia − χ¯ai γµLαi
)
.
δΦaij = i
(
α¯jRχ˜
a
i − α¯iRχ˜ai + ǫijklα¯kLχla
)
.
δLχia = σµνF
µνaLαi − γ.DΦijaRα˜j + 1
2
gfabcφ
ik
b Φ
c
kjLα
j
δRχ˜ai = σµνF
µνaRα˜i + γ.DΦ
a
ijLα
i +
1
2
gfabcΦ
b
ikΦ
kj
c Lα˜j . (53)
where αi transforms as a 4 and α¯i as a 4¯ under an internal SU(4)
symmetry.
The group indices a, b, c run over the dimension of the gauge
group a, b, c = 1, ....., dG. For G = SU(N) or U(N), dG =
(N2 − 1) or N2 respectively. Note that the infintesimal su-
persymmetry parameter αi is singlet under the gauge group G.
This assumption will be relaxed for misaligned supersymmetry
in the next section.
Misaligned supersymmetric gauge field theory (MSGFT)
The name is taken from [219] where string models without
supersymmetry were studied, particularly the supertrace condi-
tions necessary for cancellation of ultra violet divergences.
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The nonsupersymmetric quiver gauge theories here discussed
satisfy such supertrace conditions if all scalars are in bifunda-
mentals so the name “misaligned” supersymmetric gauge field
theory (MSGFT) is appropriate. In [219], however, no explicit
field transformation underlying misaligned supersymmetry was
given and my aim here is to suggest how this may be accom-
plished.
A specific MSGFTmodel is defined by several integers, namely
N (the number of coalescing parallel D3 branes in AdS/CFT,
also the N in the gauge group U(N)n), n (defining the abelian
orbifold group Zn, also the n in the gauge group U(N)
n); and
three integers A1, A2, A3 which specify the embedding Zn ⊂
SU(4) where SU(4) is the internal symmetry of the N = 4 case
corresponding to replacing the orbifold by a manifold. Note
that the fourth integer A4 defining the transformation of the 4
of SU(4) is not independent because A4 = −A1−A2−A3 (mod
n). In summary, MSGFT models are specified by five integers
{N, n, A1, A2, A3}.
The action for such a MSGFT in the present notation
S =
∫
d4x
[
−1
4
Fµνa;r,rF
µνa
r,r +
1
2
DµΦ
a
ij;r+ai,rD
µΦaij;r,r+ai + iχ¯
a
r+Am,rγ.DLχ
a
r,r+Am
−1
2
igfabc
(
¯˜χair,r+AmLχ
jb
r+Am,r+Am+An
Φcij;r+Am+An,r
− χ¯ai;r,r+AmRχ˜bj;r+Am,r−AnΦijcr−An,r
)
−1
4
g2
(
fabcΦ
b
ij;r,r+aiΦ
c
kl;r+ai,r+ai+aj
)(
fadeΦ
ijd
r+ai+aj ,r+aj
Φkler+aj ,r
)]
(54)
in which the ai are defined by ai = A2 +A3, a2 = A3 +A1, a3 =
A1 + A2; the subscript r = 1, 2, ....n is a node label; when the
two node superscripts are equal it is an adjoint plus singlet of
that U(N)r; when the two subscripts are unequal it is a bifunda-
mental and the two gauge labels transform under different U(N)
gauge groups.
144
Now we address the question of what variation of the fields
in the action (54) will leave it invariant. Given the field content,
the infinitesimal fermionic parameters must transform under the
U(N)n gauge group. As a generalization of equations (53), we
suggest
δ
(
A(p)µ
)βp
αp
= i
(
[α¯i]
βp,γp
αp,δp+Am
γµL
(
χi(p,p+Am)
)δp+Am
γp
−
(
χ¯
(p−Am,p)
i
)δp
γp−Am
γµL[α
i]
αp,γp−Am
αp,δp
)
δ
(
Φ
(p,p+ai)
ij
)αp+ai
αp
= i
(
[α¯j ]
αp+ai ,βp
αp,βp+Am
R
(
χ˜
(p,p+Am)
i
)βp+Am
βp
− [α¯i]αp+ai ,βpαp,βp+AmR
(
χ˜
(p,p+Am)
j
)βp+Am
βp
+ǫijkl[α¯
k]
αp+ai ,βp
αp,βp+Am
L
(
χl(p,p+Am)
)βp+Am
βp
)
.
δ
(
Lχi(p,p+Am)
)αp+Am
αp
= σµν
(
Fµν(p)
)γp
βp
L[αi]
αp+Amβp
αpγp
−γ.D
(
Φij(p,p+ai)
)βp+ai
βp
R[α˜j ]
αp+Amβp
αpβp+ai
+
1
2
gǫαp+aiβp+aiγp+ai ǫ
βpγpδp
(
φik(p,p+ai)
)βp+ai
γp
(
Φ
(p,p+ai)
kj
)γp+ai
δp
L[αj ]
αp+Amαp+ai
αpβp
δ
(
Rχ˜
(p−Am,p)
i
)αp
αp−Am
= σµν
(
Fµν(p)
)γp
βp
R[α˜i]
αpβp
αp−Amγp
+γ.D
(
Φ
(p−ai,p)
ij
)βp
βp−ai
L[αj ]
αpβp−ai
αp−Amβp
+
1
2
gǫαp+aiβp+aiγp+ai ǫ
βpγpδp
(
φ
(p,p+ai)
ik
)βp+ai
γp
(
Φkj(p,p+ai)
)γp+ai
δp
R[α˜j ]
αpαp+ai
αp−Amβp
(55)
The equations (55) are written so that they reduce to the N =
4 equations (53) when the internal U(N)n dependence of the
fermionic generators is removed and are written such that the
transformation properties under the gauge group U(N)n are con-
sistent for each term in the field transformations (55).
In the limit Am = ai = 0 and n = 1, the bifundamentals be-
come adjoints and the couplings in the transformations Eq.(55)
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reduce to those in Eq.(53); this requirement excludes further
(symmetric) cubic couplings in Eq. (55).
We see that the infinitesimal generators n Eq. (55) must
generically be outer products of two bifundamentals under U(N)n
although in all terms of (55) this reduces to an outer prod-
uct of one adjoint with one bifundamental. In the transforma-
tion of the χi fields I have for definiteness specialized to the
case N = 3 in generalizing the structure constants fabc of (53)
for adjoint representations to the antisymmetric tensors ǫαβγ in
(55) for bifundamental representations; for general N one can
form a unique antisymmetric cubic invariant from bifundamen-
tals writable in two equivalent forms
fabc(λ
a)i
i′
(λb)j
j′
(λc)k
k′
Φi
′
i Φ
j
′
j Φ
k
′
k or ǫ
ijklmn...xyzǫi′j′k′lmn...xyzΦ
i
′
i Φ
j
′
j Φ
k
′
k
(56)
Discussion.
A first issue concerns the no-go theorems of [7]. There is no
problem with the earlier paper which did not consider fermionic
generators and the generalized no-go theorem implicitly assumes
that the fermionic generators are singlets under the gauge group;
since this assumption is violated in misaligned supersymmetry,
the no-go theorem is inapplicable.
There remain a number of questions to be explored: Does
variation [217] under the field transformations (55) really pro-
vide an exact symmetry of the action (54)? Do the generators
form a closed algebra and the transformations a group? What
are the representations of this group? The quiver diagram must
form a representation but it may be reducible. It would be in-
teresting to know the irreducible representations. Do MSGFT
share properties of supersymmetric gauge theories such as non
renormalization theorems? Can a MSGFT be conformally in-
variant?
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9 U(1) factors
The lagrangian for the nonsupersymmetric Zn theory can be
written in a convenient notation which accommodates simulta-
neously both adjoint and bifundamental scalars as mentioned
before.
As also mentioned above we shall restrict attention to models
where all scalars are in bifundamentals which requires all ai to be
non zero. Recall that a1 = A2+A3, a2 = A3+A1; a3 = A1+A2.
The lagrangian is classically U(N)p gauge invariant. There
are, however, triangle anomalies of the U(1)pU(1)
2
q and U(1)pSU(N)
2
q
types. Making gauge transformations under the U(1)r (r =
1,2,...,n) with gauge parameters Λr leads to a variation
δL = − g
2
4π2
Σp=np=1ApqF
(p)
µν F˜
(p)µνΛq (57)
which defines an n× n matrix Apq which is given by
Apq = Tr(QpQ
2
q) (58)
where the trace is over all chiral fermion links and Qr is the
charge of the bifundamental under U(1)r. We shall adopt the
sign convention that N has Q = +1 and N∗ has Q = −1.
It is straightforward to write Apq in terms of Kronecker deltas
because the content of chiral fermions is
Σm=4m=1Σ
r=n
r=1(Nr,N
∗
r+Am) (59)
This implies that the antisymmetric matrix Apq is explicitly
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Apq = −Aqp = Σm=4m=1 (δp,q−Am − δp,q+Am) (60)
Now we are ready to construct L(1)comp, the compensatory term
[112]. Under the U(1)r gauge transformations with gauge pa-
rameters Λr we require that
δL(1)comp = −δL
= +
g2
4π2
Σp=np=1ApqF
(p)
µν F˜
(p)µνΛq (61)
To accomplish this property, we construct a compensatory term
in the form
L(1)comp =
g2
4π
Σp=np=1ΣkBpk Im Tr ln
(
Φk
v
)
F (p)µν F˜
(p)µν (62)
where Σk runs over scalar links. To see that L(1)comr of Eq.(62)
has SU(N)n. invariance rewrite Tr ln ≡ exp det and note that
the SU(N) matrices have unit determinant.
We note en passant that one cannot take the v → 0 limit
in Eq.(62); the chiral anomaly enforces a breaking of conformal
invariance.
We define a matrix Ckq by
δ
(
Σp=np=1Σk Im Tr ln
(
Φk
v
))
= Σq=nq=1CkqΛq (63)
whereupon Eq.(61) will be satisfied if the matrix Bpk satisfies
A = BC. The inversion B = AC−1 is non trivial because C
is singular but Ckq can be written in terms of Kronecker deltas
by noting that the content of complex scalar fields in the model
implies that the matrix Ckq must be of the form
Ckq = 3δkq − Σiδk+ai,q (64)
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9.1 Conformality of U(1) couplings.
U(1) factors are a major concern in quiver gauge theories. In the
absence of the compensatory term, the two independent U(N)n
gauge couplings gN for SU(N) and g1 for U(1) are taken to be
equal gN(µ0) = g1(µ0) at a chosen scale, e.g. µ0=4 TeV to enable
cancellation of quadratic divergences. Note that the n SU(N)
couplings g
(p)
N are equal by the overall Zn symmetry, as are the
n U(1) couplings g
(p)
1 , 1 ≤ p ≤ n.
As one evolves to higher scales µ > µ0, the renormalization
group beta function βN for SU(N) vanishes βN = 0 at least
at one-loop level so the gN(µ) can behave independent of the
scale as expected by conformality. On the other hand, the beta
function β1 for U(1) is positive definite in the unadorned theory,
given at one loop by
b1 =
11N
48π2
(65)
where N is the number of colors.
The corresponding coupling satisfies
1
α1(µ)
=
1
α1(M)
+ 8πb1ln
(
M
µ
)
(66)
so the Landau pole, putting α(µ) = 0.1 and N = 3, occurs at
M
µ
= exp
[
20π
11
]
≃ 302 (67)
so for µ = 4 TeV, M ∼ 1200 TeV. The coupling becomes
“strong” α(µ) = 1 at
M
µ
= exp
[
18π
11
]
≃ 171 (68)
or M ∼ 680 TeV.
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We may therefore ask whether the new term Lcomp in the
lagrangian, necessary for anomaly cancellation, can solve [112]
this problem for conformality?
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Since the scale v breaks conformal invariance, the matter
fields acquire mass, so the one-loop diagram #4 has a logarithmic
divergence proportional to
∫
d4p
v2
[
1
(p2 −m2k)
− 1
(p2 −m2k′)
]
∼ −∆m
2
kk′
v2
ln
(
Λ
v
)
(69)
the sign of which depends on δm2kk′ = (m
2
k −m2k′).
To achieve conformality of U(1), a constraint must be imposed
on the mass spectrum of matter bifundamentals, viz
∆m2kk′ ∝ v2
(
11N
48π2
)
(70)
with a proportionality constant of order one which depends on
the choice of model, the n of Zn and the values chosen for
Am, m = 1, 2, 3. This signals how conformal invariance must be
broken at the TeV scale in order that it can be restored at high
energy; it is interesting that such a constraint arises in connec-
tion with an anomaly cancellation mechanism which necessarily
breaks conformal symmetry.
#4The usual one-loop β−function is of order h2 regarded as an expansion in Planck’s
constant: four propagators each ∼ h and two vertices each ∼ h−1 (c.f. [220]). The diagram
considered is also ∼ h2 since it has three propagators, one quantum vertex ∼ h and an
additional h−2 associated with ∆m2kk′ .
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10 Dark matter candidate
In the nonsupersymmetric quiver gauge theories, the gauge group,
for abelian orbifold AdS5×S5/Zn is U(N)n. In phenomenologi-
cal application N = 3 and n reduces eventually after symmetry
breaking to n = 3 as in trinification. The chiral fermions are
then in the representation of SU(3)3:
(3, 3∗, 1) + (3∗, 1, 3) + (1, 3, 3∗) (71)
This is as in the 27 of E6 where the particles break down in
to the following representations of the SU(3) × SU(2) × U(1)
standard model group:
Q, uc, dc, L ec N c (72)
transforming as
(3, 2), (3∗, 1), (3∗, 1), (1, 2), (1, 1), (1, 1) (73)
in a 16 of the SO(10) subgroup.
In addition there are the states
h, h∗, E, E∗ (74)
transforming as
(3, 1), (3∗, 1), (2, 1), (2, 1) (75)
in a 10 of SO(10) and finally
S (76)
transforming as the singlet
(1, 1) (77)
It is natural to define [221] a Z2 symmetry R which commutes
with the SO(10) subgroup of E6 → O(10)× U(1)
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It is natural to define a Z2 symmetry R which commutes with
the SO(10) subgroup of E6 → O(10)× U(1) such that R = +1
for the first 16 of states. Then it is mandated that R = −1 for
the 10 and 1 of SO(10) because the following Yukawa couplings
must be present to generate mass for the fermions:
16f16f10s, 16f10f16s, 10f10f1s, 10f1f1s (78)
which require R = +1 for 10s, 1s and R = −1 for 16s.
Contribution of the Lightest Conformality Particle (LCP) to the
cosmological energy density:
The LCP act as cold dark matter WIMPs, and the calculation
of the resultant energy density follows a well-known path. Here
we follow the procedure in a recent technical book by Mukhanov.
The LCP decouple at temperature T∗, considerably less than
their massMLCP ; we define x∗ =MLCP/T∗. Let the annihilation
cross-section of the LCP at decoupling be σ∗. Then the dark
matter density Ωm, relative to the critical density,
Ωmh
2
75 =
g˜
1/2
∗
g∗
x3/2∗
(
3× 10−38cm2
σ∗
)
(79)
where h75 is the Hubble constant in units of 75km/s/Mpc. g∗ =
(gb+
7
8
gf) is the effective number of degrees of freedom (dof) at
freeze-out for all particles which later convert their energy into
photons; and g˜∗ is the number of dof which are relativistic at
T∗.
The LCP [221] is a viable candidate for a cold dark matter par-
ticle which can be produced at the LHC. The distinction from
other candidates will require establishment of the U(3)3 gauge
bosons, extending the 3-2-1 standard model and the discovery
that the LCP is in a bifundamental representation thereof. To
confirm that the LCP is the dark matter particle would, how-
ever, require direct detection of dark matter.
153
11 Proton decay
Here we address the issue of proton decay. Under SU(3)C ×
SU(3)× SU(3), the quarks and leptons families each appear as
in trinification [163] in the representations
[(3, 3∗, 1) + (1, 3, 3∗) + (3∗, 1, 3)] (80)
for which the baryon numbers are respectivelyB = +1/3, 0,−1/3
for quarks, leptons and antiquarks.
The gauge bosons cannot transform quarks into leptons or
vice versa because of the factoring out of the color SU(3)C group.
So unlike in SU(5)( [222, 223]) proton decay is absent in the
gauge sector.
The scalars are likewise in 27’s according to
[(3, 3∗, 1) + (1, 3, 3∗) + (3∗, 1, 3)] + c.c. (81)
although here, unlike for the fermions the complex conjugate
representations must be included.
Fermion masses arise in trinification [163] from Yukawa cou-
plings of the form
(3, 3∗, 1)q(3∗, 1, 3)q(1, 3, 3∗)φ (82)
for the quarks and
(1, 3, 3∗)f(1, 3, 3∗)f(1, 3, 3∗)φ (83)
for the leptons. Because these are two independent couplings,
trinification has the feature of giving no relationship between
quark and lepton masses.
There are additional Yukawa couplings possible which would
violate baryon number B and cause catastrophically rapid pro-
ton decay with a TeV unification scale. Therefore these must
be forbidden, as is achieved [224] by assigning a generalization
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of baryon number B = +1/3, 0− 1/3 respectively to the three
representation listed.
(3, 3∗, 1)φ B = 1/3 (84)
(1, 3, 3∗)φ B = 0 (85)
(3∗, 1, 3)φ B = −1/3 (86)
Such assignmnents are very natural.
In phenomenological analysis of trinification [215], however,
such a procedure is avoided in order to be able to obtain accept-
able quark and lepton mass matrices. With teravolt unification
such departure from the simplest case is not possible as proton
decay must be totally forbidden.
However, the quark and lepton masses in conformality will
acquire contributions in relevant operators miψψ from breaking
of conformal symmetry. The pattern of these masses cannot
yet be calculated, although a constraint on the pattern of the
corresponding scalar masses has been suggested in [216] based
on the cancellation of quadratic divergences.
In grand unification based on conformality, therefore, it is
expected that proton decay will be completely absent (See how-
ever [225].) in the non-gravitational theory. Gravitational ef-
fects may eventually destabilize the proton but with lifetime
∼ 1050y far beyond any forseeable experiment.
Equally or more important is the realization that consis-
tency of the conformality with proton decay dictates that the
quark and lepton masses receive significant contributions from
the four-dimensional conformal symmetry breaking, not only
from the Yukawa coupling to Higgs as universally assumed in
previous studies of grand unification.
In the standard model, while the Z0,W± masses are accu-
rately predicted by a Higgs mechanism, there is no similar state-
ment about fermion masses. The conclusion is that quark and
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lepton masses arise principally as relevant operators #5 arising
from breaking of four-dimensional conformal invariance; a corol-
lary is that the couplings of the standard Higgs scalar to quarks
and leptons depart from the values usually assumed.
#5One important question is how such mass terms are induced above the electroweak
scale. One possibility is via four fermion operators.
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12 Conclusions
It has been established that conformality can provide (i) nat-
uralness without one-loop quadratic divergence for the scalar
mass and anomaly cancellation; (ii) precise unification of the
coupling constants; and (iii) a viable dark matter candidate. It
remains for experiment to check that quiver gauge theories with
gauge group U(3)3 or U(3)n with n ≥ 4 are actually employed
by Nature.
For completeness, we should note that possible problems with
N = 0 orbifolds have been pointed out both in one-loop calcu-
lations in field theory [226] and from studies of tachyonic insta-
bility in the ancestral string theory [227].
One technical point worth another mention is that while the
U(1) anomalies discussed in Section 9 are cancelled in sting the-
ory, in the gauge theory we have shown a different description
of such cancellation which has the advantage of suggesting how
U(1) gauge couplings may be conformally invariant at high en-
ergies. This is important because in string theory, except for
special linear combinations, all such U(1) factors acquire mass
by the Stu¨ckelberg mechanism while in the gauge field theory as
discussed in Section 8 the cancellation of quadratic divergences
and solution of the hierarchy problem for N = 0 require they
be instead at the teravolt scale.
We have described how phenomenology of conformality has
striking resonances with the standard model, as we have de-
scribed optimistically as experimental evidence in its favor. We
have described how 4 TeV Unification predicts three families and
new particles around 4 TeV accessible to experiment (LHC).
It is encouraging that the scalar propagator in these theo-
ries has no quadratic divergence if and only if there are chiral
fermions. Anomaly cancellation in the effective lagrangian has
been tied to the conformality of U(1) gauge couplings.
A dark matter candidate (LCP = Lightest Conformality Par-
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ticle) may be produced at the Large Hadron Collider (LHC),
then directly detected from the cosmos. Study of proton decay
leads to the conclusion that quark and lepton masses arise not
from the Yukawa couplings of the standard model but from op-
erators induced in breaking of the four-dimensional conformal
invariance. This implies that the Higgs couplings differ from
those usually assumed in the unadorned standard model. This
is yet another prediction from conformality to be tested when
the Higgs scalar couplings and decay products are examined at
the LHC in the near future.
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Note Added
When the speculation was originally made in [14] that non super-
symmetric N = 0 abelian orbifolded theories with gauge group
U(N)n become conformally invariant (conformality) at high en-
ergy for finite N it was believed that in the limit N → ∞ con-
formality is correct, as suggested by the papers [228,229] which
provided a “proof” that in the large N limit the N = 0 theory
coincided to all orders of perturbation theory with the ancestor
N = 4 theory which is known to be conformally invariant.
For N = 4 gauge theory conformality is known [10–12] not only
for the limit N → ∞ but also for finite N . It was therefore
natural in [14] to conjecture the same for N ≤ 2 including for
the nonsupersymmetric case N = 0.
More recent work by Dymarsky, Klebanov and Roiban [230,231]
shows that the “proof” in [228,229] is false because there are dou-
ble trace operators of the bifundamental scalars with the general
form Tr(ΦΦ)Tr(ΦΦ) which are forbidden by N = 4 symmetry
from appearing in the ancestor theory but which can and do
appear as counterterms in the N = 0 theory. The renormal-
ization group β−functions for these double trace couplings do
not vanish generically in the N → ∞ limit so the conformality
of [14] requires more than cancellation of 1/N corrections.
The important papers [230, 231] study this phenomenon at the
one-loop level. The impact on the all orders speculation of [14]
about N = 0 and finite N merits further investigation.
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